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.education. The first question dealt with the pattern of student 
learning over time. It was found that^ generally^ the elasticity of 
grade eight knowledge with respect to grade eight school inputs is 
higher than the elasticity of grade eight-^ knowledge with respect to 
grade one students who^ then^ might benefit .from increased .resource " 
allocations in the early grades. The second question examined the 
preferences of teachers with respect to the level and distribution of 
learning wit hin .the classroom and to their own geographic location. 
Teachers attempt to maximize the average level of learning and to 
minimize the variance in learning "in, t^^ classroom ^ though they 
strongly ^prefer to maximize achievement .^The third question examined 
the relationship between student work effort and learning. It was 
-found that student labor is a strong determinant of student learning. 
A summary of the findings and- their possible policy implications are 
.presented .in the body of the report with the complete studies 
presented in appendixes. (Author/IRT) . \ 
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PROJECT FOR RE.SEARCH IN STUDENT LEARNING ■ ^ , 

I . Introduction 

This project' has researched several questions, all related to the produc- 
tion of cognitive skills in formal elementary and secondary education. The 
first and most important question examined was the pattern of student learning 
over time. The results of that research have implications for the optimal 
allocation of resources over time. 

The second question researched here was the preferences of teachers with 
respect to (i) the level and'^ distribution of learning within the classroom and 
(ii) their own geographic location. 

The third question examined was the relationship between student work 
effort-and student learning. Work effort can be directly measured or proxied by 

use of attitudinal variables), bur research primarily used a direct measure of 

. ; 

work effort. I 

Each of the questions which we attempted to answer in this research project 

^ ■ i ' 

is discussed in more detail! below. For each question we provide a summary of 
our findings and their possible policy implications. The complete studies which 
lie behind these findings and conclusions are included in the appendices to 
this report. 

II. Student Learning Over. Time \ 
The conventional belief among psychologists and educators has been that 

the level of student knowledge upon reaching adulthood is maximized when 
school resources are concentrated in the early years. This belief, and the 
scanty empirical evidence which fies behind it, has provided the major rationale 
for early childhood education programs arid for focusing compensatory education 



prog^rams in the early years of school. 

!We first explorq-d this issue theoretically in a paper titled "On the^ 
Optimal Allocation of Resources in the Production of Human Capital". By 
postu3.ating a Gobl^-Doxiglas production function of knowledge and assuming a 
fixed school budget over time, we conclude that the optimal investment 
trajectory is almost always one where expenditures per pupil increase over the 
schooling period. 

The theoretical, finding is supported by our empirical research. Using 
longitudinal data on school inputs and scores on standardized examinations for 
cohorts of pupils, we estimated a production function for the level of knowrr 
ledge at grade eight. Distributed lag analysis was employed to estimate the 
productivity of school resources over the school-life (eight years) of the 
child. The full study is given in "Production of Human Capital Over Time" in 
Appendix B, 

The empirical estimation indicated that the productivity of school 
resources increases between grades one and eight for the sample as a whole. 
In general, the elasticity of grade eight knowledge with respect to grade eight 

school inputs is highe^r than the elasticity of grade eight knowledge with 

..1 ■ * 

-respect to grade one school inputs. The corresponding policy implication is 

that the annual level of school expenditures should increase over time in order 

to maximize grade eight achievement . In other words, expenditures should be 

higher in grade eight than grade one. 

However, we find the pattern of productivity of School inputs varies 

between subgroups of pupils. In general, the productivity increases over time 

for high income and high achieving pupils, while the productivity remains 

relatively constant over time for low income and low achieving pupils. The 

corresponding policy implications are that expenditures should increase with 

grade level for the high income and high achieving pupils, while expenditures 



should remain relatively constant over grrde levels for low income and low 
achieving pupils. 

Like most school districts in the United States, we found that per pupil 
expenditures generally increase with -^rade level for students in the school 
district which we studied. This pattern is satisfactory for the high income, 
high achieving pupils . But low income, low achieving pupils would be better . 
off,' in terms of eighth grade test scores, if this pattern were altered to give 
them more resources in the early years. 

These findings then provide empirical support for focusing coinpensatory 
education programs and expenditures in the* early years of a child's formal 
education. However, the findings provide no support for enriched early child- 
hood programs for all children. This latter finding is of special importance, 
since there currently is considerable political pressure to provide enriched 
early childhood experiences to high income as well as low income children. 

Our findings, while interesting, do not necessarily extend to school 
districts unlike the one actually studied, which is located in an urban, 
California city. Furthermore, our research entails several assumptions of which 
the policymaker should be aware. These assumptions are listed and discussed in . 
the text of the paper itself. 

III. Teacher Preferences 

We originally set out to examine the preferences of teacher.s with respect 
to their, geographic location. Other studies have reported tliat teachers have 
strong preferences for teaching children of high socio-economic status. A 
sorting mechanism appears to. operate in many communities. Most teachers prefer 
to teach in the schools with high income or high achieving pupils. However, only 
the high quality teachers are selected to teach in those schools. 

If the quality of the teaching faculty is a function of the achievement 

■ ^ 
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level of the pupils, the estimates of teacher productivity obtained in a 
single equation leajrning model will be biased. We tested the hypothesis that 
teacher quality is not a function of pupil achievement, but found we could not 
reject it. Hence, this simultaneous equations problem was ignored in the 
remainder of our research. 

The usual model of learning assumes that teachers attempt to maximize the 
average level of learning in their classroom. However, teachers may have other 
objectives as well. For example, they may wish to minimize disorder or* 
disciplinary problems. Or, they may wish to maximtze the learning only of the 
brightest children. The particular teacher objectives will determine how that 
teacher allocates his or her time among the children in the classroom. If the 
teacher objective is not simple maximization of achievement , the usual model 
may provide biased empirical results with faulty policy implications. 

We attempted to estimate teacher preferences with respect to (i) the 
average level of learning in the classroom and (ii) the variance in learning 
in the classroom. Learning was measured by the difference in scores on 
Stanford' Reading Achievement Tests between two consecutive grade levels. We 
found that teachers attempt to maximize average level of learning and minimize 
variance in learning. However, they strongly prefer maximizing achievement 
to minimizing variance. The full results are given in "Teacher Preferences 
With Respect to the Level and Distribution of Scholastic Achievement." 

, This finding does not have any obvious-policy implication. However, it 
does have relevance for future ^research in learning. Teachers do. not simply 
attempt to maximize learning. Ignoring the complexity of the teacher objective 
function may create misleading results and policy implications. 

IV. Student Work Effort and, Learning 

Several studies, including the Coleman Report, have noted a strong 




statistical. relationship between student attitudes about the future or 

v. • • • ■ ' , 

attitudes about their control over their environment and student learning. 
We, too, find such a relationship when we regress level of learning on such : ' 
^student attitudes. 

However, these student attitudes are mainly a proxy for student work 
effort in the school. If the student believes he or she has' no control. over 
his environment or lives for the present instead of the future, he or she is 
likely to spend less time effectively engaged in learning activities than a 
student who believes the opposite. We find a high correlation between these 
student attitudes and actual student work effort for the sample of students 
used in our empirical work. 

. Our research and findings on student work effort aire reported in the 
attached paper titled "Student Labor Supply in Learning". In the produQ;tion 
equation we find that student labor is a strong determinant of student learning. 
The elasticity of learning with respect to student labor is approximately .25. 
In the labor supply equation we find that the productivity of student labor is 
a strong determinant of the amount of labor prc^vided in learning. The elastic- 
ity of labor supply with respect to the marginal product of labor is approx- 
imately .30. 

When the level ^of resources received by pupils in the home or the school 
is changed, student labor may change as well. There are two offsetting effects. 
The "income" effect is that an increase in, for example, school inputs results 
in higher learning, so the studeht is likely to reduce his work effort and take 
more leisure • The "substitution"' effect is that an increase in school inputs 
leads to a higher marginal productivity of labor which provides an, incentive to 
the .student to increase his work effort. We find fo^our sample that an ' 
increase in school or home inputs, in the production equation tends to increase 
the amount of labor provided by the student in learning. In other words, the 



i 



substitution effect exceeds the income effect. 

Student work effort and student attitudes vary greatly between races and 
betweien socio-economic groups. Research on student labor supply is important 
in determining policies which may induce students to increase their work 
effort. .The research done in this .project in no way provides definitive policy 
implications but is an important first step towards estimation of more real- 
istic student labor supply functions • " . . 

V. Future Research 

The questions investigated here are very important ones which have not 
previously been addressed. However, the research undertaken in this project 
nee^s to be replicated and Improved before strong policy implications can be . 
made . 

One possible fruitful area of research is learning over time. Interest 
groups are currently advocating universal enriched early childhood education 
on the basis of very little empirical evidence. Our research suggests early 
childhood education may be an inefficient use of resources for most the nation's 
children. However, further research obviously needs to be done in this area. 
Longitudinal studies of learning should receive high priority in terms "o'f 
funded research. Only through longitudinal studies can one answer questions 
regarding the optimal allocation of resources over time. 

• Another area of research which deserves high priority is the study of the 
relationship between the amount of time spetvt learning and the amount of know- 
ledge learned. In particular, it is important to kjiow what factors affect 
student work effort; and what is the most cost-effective method of Increasing 
student work effort in or out of school. Related to this * is an important 
question: Is it more cost-effective to increase learning by increasing school 
resources or by changing those .variables which influence student work effort? 



Compensatory education programs which atterai)t to increas.e work effort 
improve learning more than programs which simply provide an enriched 
school environment. 
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1. • Introducticn . u 

The educational output v/iT^ich is of the most economic interest 

^ . . ■ / ■ . . . • 

is the change in the stock of h^nan capital, 'broadly defined, embodied hy 
students. Assuming schools wish, to maximize this output, they face the 
problem of optimally allocating a constrained "budget over inputs. This 

^ ^ / ' •■ • 

problem has been the .focus /of much economic research on educational production 
'functions, starting vith ^^oleman II]. However, one aspect of this problem 
•has been completely ignq/red to date: wliat is the optimal allocation of 
resources over time in.-^ terms of maximiniipg -the stock of human capital 
existing at the end of the schoolings period? 

' Should resources be concentrated in the early grades, as some 
psychologists (notaMy Bloom [2]) contend? Or should the time distribution 
of resources be wei£:hted towards secondary education, as is typically ob-- 
served? The answer, of , course ,. largely ' depends on the dyntoics of individual 
learning. The static micro educational production functions, as esti- 
mated, for example, by'Coleman [l] a/e irrelevant with respect to longitud- 
if 

' ' inal resource' alLocfition considerations . Interaction in educational outputs 
over time are ignoreid,* and as a result the terminal output* is independent 
of t*he point in tin?: when inputs were utilised. To deal with the optimal 

e . • ' •* • 

allocation of. scnool inputs. over time it is therefore necessary to specify 

• the educational production process in the form of a dynamic model. 

In this paper we theoretically derive the optimal path of school 

investment or school, resource allocation ov^r time for an individual student 

The characteristics of the path vary with the properties of the dynamic 

growth model. Tne basic model employed here has its intellectual origin 

in the economist's nodel of capital accumulation. The analogy is not a 

new one*. Pen Porath [3] has used a similar model to dotcrmine the optimal 

>f o 
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path of indivAdi^il jnyestment in hmnan .capital over tirae.- Piowever, our 
application is difforent'"rn that .the docision-mafcer is the school, not the 
individual, and the objective is not maximization' of consumption over a 
lifetime, hut maximization of the stock of human capital upon termination 
of secondary education. 

In what, follows \7e first develop the theoretical model. \le. postu- 
late a general production function of huir.jan capital and employ the tech- 
niques of optimal control to derive a (];or.eral solution to the problem. 
Next , we specify the dyna^nic growth model of human capital, which like its> 
.analogue includes a rate of depreciation or obsolescence and .a production 
function for new capital. We derive the optimal time paths of school invest- 
"ment-^for a ^.neV capital production inunction of the Cohh Douglas type. The . 

economic* ihterptetations and policy implications of the- solutions are • . 

. . " • , ' *^ . ' ' ' 

discussed. 



2. "The General Hum£ui Capital Accxunulation Model 

The major ,assiur.ption which litrd behind this analysis is that 
•schools atteitipt to i.iaxiniize thef human capital embodied by each student 
upon termination of secondary, school *. It has thereby- been implied that 
(a) it is compulsory Tor. students to .finish high school, but (b) there 
is no consti^airit on the level , of scholastic -achievement attained, and 
(c) the school is' not concerned wi'th^ the distribution of achievement . 

Human capital is here ^)roadly defined as a multi-dimensional vector 
of traits, represented by a vector ^it) - It may include elements which 
produce money . incom.e, i'ndome in the form t)f self-produced consumption goods 
and psy.chic income. ^ Our a,ssumption "Restated is .that schools attempt .-to- ' 
raaxiraize the pro'fiabilify that students attain raaxiraufri income -producing 
capaciti , 
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The- stock of the- human capital embodied in an individual student 
changes oyer the period of schooling, .The change in the vector of human 
* 'capital ls(t) over time is considered simply as a linear fun.ct ion of the 
/preceding stock -and the new human capital produced, analogous to changes in 
physical capital, such that 

■■^ = 1^ = -A ..k(t) + f(k,.y„^) ■ ■ (1) 

where the m.atri;?: A' is diagonal with the rates of . obsolescence or forgetting 
' ' associated with each of the huraan capital components as elements, and 
the vector function f represents the production of new human capital. 
•This vector function ^^^includes as arguments the stock of human capital, 
a vector of controllable inputs, ii(t),\and a vector of exdgeneo.us inputs, . 
z,{t), representing home environment.. Ve assume the home environment is 
known over the school period and can be expressed as a smooth function 
of time, so that the symbol ^(t) can be replaced by time only .in Eq. (l). 
The assiunptions made concerning the production functions f^ and that 
the marginal products for 1^ and.jo, are non-negative and that the function 
is concave. 

Recent psychological. :rese^rc}i in learning provides support fbr 
. a humah capital accumulation model as -given in Eq. (l). In- particular, 
prior -learaing levels have been found* to be^ strong determinants of changes 
in learning by Bloom [2] and' Blpck.'[H] . ; • 

The school is now faced with the task of distributing an available 
budget, B,-over input resources and over time, so as to maximize -a scalar 
, index-^el^he vector l^(t) at the end of the learning period (T), given an 
initial' human catital leyel^o^fthd 'student of k^ and subject to the human • 

' • . . ' " . : 

Capital accumulation equation of ^q.Al)« 



Optimr.lity Conditions / ' ■ - 

We em])loy the techniqdes of optimal control theory tp find the 



optimality conditions for the ^general model • For idmplicity we limit the 
dimension- of the human capital vector and of the input vector to one. This 



simplification c'oes not in any way reduce the generality of the solution 
method followed. After inyroducing r as the social discount rate, the 
variable x(t) is defined sfs , . 

^ x.(t) e^^f u(t)dt (2) 

and the p'roblem can be/restated to be: 



J •= max k(T/) ... ^ (3) 

u€U 



subject to: k =^ -A/k(t) + f(k,u,t) 



X = e/ • u(t) 



given the initial time constraints; 
k(t=oy = k 

/ ° ■ 

' x(t=^) = 0 
and the termi/nal time constraints.: 
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.x,(t=T) = 3 ■ . ■ . (6) . 

with the I'lmitations on the state and control ^ 

k(t.) > 0 . (7) 
0 £ e"^^ u <^ (B - x(t)) . 

In our application of the maximum principle we' shall ignore the constraints 
of Eq, (7) for the time being. jL5 ■ 



' / . Varaiya [5] has shown that the Pontryagin maximiiir. principle' 
can be used to establish the conditions for .an optimum for a problem of 
the— %y-pe^4escribed. ' ' . - 



(8) 



Define 'the Hamiltonian : ■ . ,' 

' • H = -p^Ak + p^f (k,u,t) ,+ p^e'^^u 
where the costate variables, p^ and are defined "by 

3H . ' ar ' • ■ 

Pi = - 3k = - Pi 3k . ■ ' ■ 

■p, = -i=0 (9) 
or P2^'^) ~ constant 

and the added transversality conditijn derived from the constant "term -of 
the objective function: . ■' . 

p^(t-T) = 1 : ' ^ (10) 

The necessary condition for the maximization of the criterion is that the 

control is chosen so as to maximize the Kamiltonian at each point in time: 

. . ^ =.0* ' . (11) 

du • ^ ■ \ 

The optimal control, is then found from the equation*: -''X'*^ 

dH ■ 3f . • -rt ■ ^(^o\ 
. .d^.= Pl ^ ^ P2 = ° .. . • . ^'^^ * 

The differential equations' in state- and costate of Eqsv (^) and (9),^vith 
the transversality .'Conditions, of Eqs. (5)', (6) and (lO) form a two point . 
boundary value problem, once the control is eliminated from the- differential 
• equations using Eq. (12). ' ' f 

, . IG ' ■ ■ . ■■- I 

•■ ■ ' . . ■ ^ • 13.- " i ■ 
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.From Eq. (12) .and the assumption that marginal products are positive, 
we find . ■ . . . > . 

sign (p^) =^ -sign (p^) (13) 

Since the first costate has to "be positive at the terminal time, and the : 
second cojitcite is constant, the first cosH^ate variable is positive over the 
whole planning, horizon. ^ 

■ Hence, from Eq. (lO) and (12) -it folloVs that ' . 

P3_(t) > 0 . : • 

• and Uh) 

P2 < 0 • 

An economic interpretation can "be given ..to the costate variable 
and the Hamiltonian introduced in the optimization analysis. The first 
costate variable reflects the demand price, in terms of k(T), per unit of 

net new additions to the stock of human capital. According to Eq. (9) the 

* . ■. ■ ' ' ^ ' ■ 

. logarithm- of the price decreases if' the maxginal prc^ductivity of human -capital 

exceeds the constant rate of obsolescence';;. %ke second costate variable can 

be interpreted as the negative of the supply price, in ;;ferms of k(T), of 

-' . ' < . • ^ ,' ^ .-, 
■■ • ■ • \ . • > - 

inputs for the Iiuman .capital process. ■ This.. price expgeneous to thfe system ' 

and determined by the budget available. , - ^ 

The' Hamiltonian can then be interpreted as tlcie net "profit" '^t time 

' ■ t 

t from the net investments in human capital. The profit at a given "point in 

■ ■ 1 . " • . 

time is the difference between the value of these investments and the total 

costs of the inputs required to produce the net new human cyapital. 

The optimal investment trajectory can be computed once the functional 

form'and the parameters of the new capit&l formation function, f, as .,well as.; 

the obso3c^c4nce and social discount rates are specified. Linear nev; capital 

• ■ -k' 



formation functions are the most widely used by educational economists and 
psychologists, notahly hy Winkler [6], Murnane [?] and Carroll . [8]. But it 
can he easily shown that the solution of the human capital maximization problem 
with a linear human capital accumulation model is always of a bang bang type. 
The policy implications of the linear model, i.e. that the full budget be spent 
at the initio^l time or at the final time , are unrealistic. 

As an alternative we assume a new capital formation function of the 
Cobb-Douglas type where human capital and school inputs are single dimensional: 

. f(k,u) - b k(t)''u(t)^-'' . (I5f 



type: 



The Co"b"b-Douglas New Capital Production Function 
Now we have specified the human capital accuiaulation to be"' of >t|ie 



S: = -ak + h k(t)" u(t)^"" • : , (i6) 



where 'a and "b are scalars. ' ' 

0 * * - 

^. with Eg., (l?) the optimal control, u can. "be expressed in the capital 
accumulation and tlic costates; 

■ n (a-l)hp e^* ■ 
■•■ u°(t) = k(t)[.- ^^]^ (IT)' 

/ _ - " . ■ . 

The two'"point, "boundary value pro"blem of the preceding section is now . 

descri,b'ed "by the following four differential equations: 

^ 1. r;' ■(a-i)"bp e^'*' l-a- ' ' ■ ■ 

. k = k{-a +'-b,[ ] ct } ■ 

. ■ . ^ , _ ■>^2 ■ " 

■ X = e"^* k[^ ^ ] a 
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rt 

(a-] )bp^e _ 



Pl.= Pi {a - ba[ d } 



. if = 0, p has definite value in terms of P2; this is true 
. anywhere = 1. 
Pg = 0 or Pg is constant. 

with the transversality' conditions : 
k(0) = k, 



(19) 



0 ■ 

- x(Q) =0 
x(t) = B 

'^-^iT) =1 , ■ ■ 

provided -l^he cons.tr aints 

: '"q < u e"""* < (B - x(t)) (20) 
are satisfied, . . ■ 

The-general direction of the optimal trajectories of 'human capital 
accxunulation and cos\ates .can be found from a phase diagram (see Figure l) 
for k and p^ in. the thifd quadrant of- th^^ p^ - plane (where p^ > 0 
and Pg < Q.) . „ . , . ^ 

[Figure 1 here], ' • * ■ 

The lines p^(t) and p-j_ = 0 (or p^(t) = [~ ]l-a ^^^^Ijy e"^ ) determine the 
two general areas where feasible p^ and k trajectories can be found, i.e. 

■ . • . 

, p < 0 p > 0 

' p'(t) > 1 ■ -"^ . 'pj(t) < 1 , <^^' 

The first s.rea (A) coincides .with valuer, of corresponding to large budget 

<\ 19 " 
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such that 0 > Vo > [-^]^"^ b(a -\) e?^. In this whole area the capital 
stock is increasing.'- In the second _fe3S.Lb^^^^ a triangle- where " 

the capital stock increases (C) and an area where it decreases (B) . These 
three areas, which are drawn in Figure 1 for r 0, are more precisely 
defined: 

k > 0 a n— ^2 -rt__ - ' r— 

. : ' : (22). 

a 

B: { V } 0<p^(t) < C-^]^ ^ e-^ • (23)- ~ 

> 0 

g" a 
/ ^^'^ 1 r a il^ ^2 -rt ^ ^.r a -,1-a ^2 -rt (gUV 

. Pi 0 ' ■ 

The point (d) w}:erc P-j_(t) = 1 and p^ = 0 can be regarded as a stable singular . 

point of solution. - ' 

/ The shaded areas represent infoasible trajectories since movement is 
• 'away from the terminal condition, p^. = 1; Optimal trajectories where p^ moves 
. alone the line p.^ = 0 to p^(T) - 1 are, not allowed (except for point D) . since 

p^ is constant, 

/' " . ^ Furthermore , f.rom Eq. (17) it can be shown, using Eqs. (l8), that . - 

? optimal investment trajectories always increase over tiiae. This follows from: ' 

/ ' = . ^ . (25) ■ ^ • 

The constant a is positive as is the factor [i^-i^]^ , since Pp < 0. As a 
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result of the fact that __.,.,v^..-^ 

0 .< .a *< 1 * 
it follows that 



I > 0 . (26) 



We shall explore this_generj..l_^jD.lu±ion~fu-rt^ 



examples, which differ only in the value assumed for the production 
elasticity. 

Elasticity: a= . 5 (example .1 ) 

a = .25 (example 2) • 
Constant : b = 1 

Initial capital: = 100 

Time perio'd: T -= 10 

Discount rate r = 0 

Forgetting factor a = .^,2§ 

The equations of human capital and costate can be expressed analytically 
' For an. elasticity of a - .5 these optimal trajectories are: 

- ^ m k(t) = .25t, + 2 m { 1 - (p^ + 1)6-^5^^^'"'^^}' + 

IP - 2 m {1 - (p^ + 1) e'^^^} (27) 
and , • ' ' . . 

^1 

• ^+ exp {.25(T-t)} (1 ^^^^ 

• . ^2 ^2 
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The" costate trajectory is sketched in Figure 2 for different Ladget values. 
[Figure 2. here]. The three areas identified in Figure 1 are also delineated, 
in Figure 2. The optimal investment firajectorie-s for the given set of "budget 
vaj-ues are shovn in. Figure 3. [Figure 3 here]. Doth Figures 2 and 3 are in 

agreement with the general findings, mentioned ahove , ^hajb^ 

(l) the sign (p^) does not change over the planning trajectory; 
' (2) - sign (^) is positive. . . . 



u 



The second example, vhere the elasticity is .25 exhibits the same features, 
The optimal trajectories are described hy the equations: 

m k(t) = .T5t + .75 InU - [1 + (yPg)^] e-'^^^^-*^-} .+ ' . 

m kQ - .75(1 - [l + (jPg)^] e-'^^^} (29) 



and 

' 1 1/3 
P2 P2 



(30) 



.Optimal. costate and invcstnent traj'ectories ''for thi!s example are given in 
Figures h and 5 respectively. [Figures h and 5 Hfere] . 

Both examples confirm the earlier statement/ that optimal investment tra- 
jectories call for increasing investments over/time. In fact the numerical 
examples indicate trajectories which are expc^entially increasing, 
. 5 Conclusions and Summary 

The problem studied in this paper is^how schools can maximize the amount 
of human capital embodied in a student at the end .of some specified schooling 
period, given a fixed budget. The humati capital accumulation equation consists 
of two terms.: 

(i) a constant rate of obsole2(cence on forgetting applied to previously 
. accumulated knowledge or/h\iman capital, and 

(ii) a production function for ifgOhuman capital. 

19 



• The analytical riolution to this problem supports the present practice of 
investing more in the later than the earlier years. The optimal investment 
trajectories are found to increase with time, although in the mimerical examples 
the rate of change of the trajectory slope is smaller the smaller- 4ihe budget and 
-the -highe^r' tlie-^production' elasticity . * " 
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Abstract 

Considers the maximization of human capital at the end of a giveh 

■ - . • 

schooling period for an individual student, when a fixed budget is- available 
Human capital acc^amulates through, a generation of ncv knowledge on the 
one hand and forgetting or obsolescence of old knowledge on the other. 
The new knowledge production function has been assumed to be of the Cobb 
Douglas type with the stock of human capital and new investments as "factors 
of production." The optimal.. investment trajectories are found to imply 
an^'increase in spending "over the schooling period, what.ever the size 
of the budget available. " 



Optimal Trniectorics of the Pr i cc of Net New Human CM » ic al> 
[il astici t y ,5, f or lUffcrc nt Budj^ct Values 

Figure 2 




opti m al Tra jectories of the Price of Not New Human, Cn n Ual, 
it 1 asti ci ty ■ 2 5 , for Different budget Values 

Figure 4 
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ABSTRACT 

The arguments for early childhood intervention programs in education 
implicitly assume (i) the elasticity of final human capital stock with respect 
to initial human^ capital stock is greater than one and/or (ii) the elasticity 
bf final capital stock with respect to purchased school inputs decreases over .• 
/the school-life. This paper develops a model of human capital accumulation in 
the schools which enables us. to estimate these elasticities. Using longitudinal 
data on cohorts of pupils to estimate the model, we find some support for early 
childhood programs for disadvantaged children but no support for such programs 
for advantaged children. For the latter, the optimal pattern of resource 
allocation over time is one where the level of purchased school inputs increases 
with time. ' , • ^ 



31 



/ ■ • • • ^ 

. . / 

" . . i / ' •' ■ 

.1 ■ ' ■/ / ■ ■ ..• . • . ■ . • • 

/ . . * ■ / • ' - . , ■ • ^ 

A decade has passed s.lnce the passage^ of the federal Elementary and 

Secondary Education Act: [ESEA] of 1965. Current federal expenditures for 

'"'•^„, ' ■ '" ' ' . ' ■ 

compensatory education under that Act now exceed one and a half billion dollars >. 

annually. Those expenditures are largely focused on children in the elementary 

grades, in particular, kindergarten through grade three. 

A major objective of 'compensatory education programs can be viewed as 
reducing poverty by increasing the^^human capital stocks of students at the end 
of their school-lives (i.e., the "terminal human capital stock) • Proponents of 
early childhood intervention programs expect terminal human capital stocks to 
be higher when limited resources are reallocated from later to earlier grade 
] levels. However, empirical research has by- and large failed to fulfill this 
expectation^^ Evaluations of early childhood intervention programs like 
Headstart have generally produced inconclusive results [Cicirelli (1969) , 
Bronfenbrenner (1974), Ryan (1974)].^ 

There are several possible explanations for this finding, but the one ^ 
explored in this research is that the elasticity of terminal capital with respect 
to school inputs received in the early'**grades is very* low. While the conventional 
belief among psychologists and educators has been that this .elasticity is high 
[Hunt (1961), Blooitf (1964) ], others have argued that thfe elasticity of terminal 
capital with respect to school inputs is higher in the adolescent years than 
the early childhood years [Rohwer. (1971)]. If the latter view is correct, 
compensatory education programs should maximize terminal capital by increasing 
school resources .in the secondary grades, not the early elementary grades. 

3Z 
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Thepurpose of this paper is to estimate the'produdtivity of school inputs ^ / 
over time for both "advaataged" and '^disadvantaged" children. The estimates^ ^ 

obtained will have implications for the optimal allocation of limited school' / ^ 

■ ' ' 7 ^ 

3 ' \ 

resources over the school-life. In the case of disadvantaged children, the / 

■ • \ • ■ • ■ ■ ■ . 

es*timates provide one possible explanation for the presumed failure of comperi-^ 

satory, early childhood education {Programs. In the case of advantaged children, 

• ■ ■ 

, the results offer on^ prediction of the. success of non-compensatory , ^early 

. ' / • 

childhood education/ which is receiving increasing political support t'hese days, f 

The model of human capital a^ccuifiulation is derived and described in the 
. nex^ section, followed by a discussion of the data and sample used in the 

' , , 1 ■ ■ ■ / 

estimation of the model. Subsequently, the estimated results ^e presented, 
and the policy implications of the results are ^explored . 

I. THE MODEL OF HUMAN CAPITAL ACCUMULATION 

The voting citizen is the ultimate decision-maker in public education. 
One of the objectives which could be attributed to voters, and thus the schools, 

is maximization of individual stocks of humaa capital upon termination of the 

4 " 

formal schooling period. That is the objective assumed^in this paper, although 

voters might also have preferences with respect to the Xevel of human capital 

stocks over the school-life or with respect to the variance between pupils in 

the size of the terminal human capital stock. 

Given the vo iective, the optimal path of resource allocation over 

time depends ori^the per pupil budget over the school-life and the production 

function for human capital. The size' of the budget is assiimed exogenous in 

• . ' / * 

this paper. We focus on the prbduoxion function of human capital over time. 

The production of the termijial human capital stock is , perhaps most 

' appropriately represented by a/''goods in process" model [Haavelmo (1960)J.^ 

New learning by students in /a given period of time Is^.a function of their 
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existing Human capital stocks and the current flow of inputs. Hence, the 
production function for the terminal capital stock can be expressed as a 
function of the stock upon entering school (the initial capital stock) and the 
levels of inputs over the school-life. 

•Learning theory^ provides little guidance, for. specification of the production 
function in education, either in terms of the variables which should be included 
or the functional form which should be adopted. Some . guidance for s^pecif ication 
of a'human capital production function is provided by earlier theoretical and 
empirical studies. The model adopted here most resembles the one presented by 
Ben-Porath (1967) . ^ ' • 

^ Ben-Porath assiimes the production function for human capital to be Cobb- 
Douglas with decreasing returns to scale such that 

= A.(S^ k/ xJ , ' (1) ■ • 

where a, y > 0, Q is the' flow of output, X is the quantity of purchased inputs, 
and s is the proportion of the stock of human capital used in the production 
of new human capital; 

Our specification of the production function differs from Ben-Porath's in 
several ways. No constraint is imposed on returns to scale, s is assumed to 
be constant over time, and y is assumed to vary over time. Furthermore, 
limitations of our data force us to use a different measure of output flow." 
•Whereas Ben-Porath's measure is in terms of physical units of new capital 
prodiiced"^ (which is equivalent to the final level of capital stock minus the 
depreciated stock of initial capital), the measure used here is the vatio of 
the final level of capital stock to the depreciated stock of initial capital. 
This measure of output enables us to express terminal capital (K^) in terms 
only of the capital stock upon entering school (K^) and input levels over time. 
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The production function used here also disaggregates purchased inpbts 
iuto home inputs, Z, and school inputs, X: 



K . . . . 



where > 0. There are no observations in our sampl^ where X^ ^ 0, i.e. 

where the student did not attend school in anyv orte period. Eq. (2) can be 
rewritten: 

; - (1 -'6) A K^;^^ X^^ • (3) 

Hence, a + 1, 3, and are interpreted as elasticities of the final capital 
stock, K^, with respect to the initial capital stock, K , heme inputs, and 
school inputs respective/ly . The initial human capital stock in each period ^ 
.represents the human capital available to the child to combine with other 
Inputs in producing the final capital stock. The coefficient A represents the 
state , of technology, and 6 represents the rate of depreciation, but since both 
are .constants , neither can be identified.^ " . . 

Since data on purchased school inputs is available over the school-life of 
each pupil in the sample, a time path of th"^ corresponding production elasticitie 
Y^, can be estimated. Unfortunately, we lack data on how the capital stock and 
home inputs vary oyer the school-life o£ the child. Hence the exponents, a + 1 
and 3, on those variables' are constrained to be constant over^time in this model. 
This constraint may bias the estimated time-pattern of elasticities on school 
inputs if in the true model ot and g are time dependent. However , since we have 
no a priori information on how those elasticities change over time, we cannot 
determine .the direction or size of the possible bias. 
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Employing Eq. (3) to express in and the sequence of school inputs 
Xq, X^, we deriv^ the equation to be estimated in this paper: 



a' R' ^i ' 

I i=0 



(A) 



where : 



fT-1 \ 
t (ot + 1). 



A' = [(1 - 6) A] 



^1=0 



/ 




a' = (ct + 1) 



(5) 



T-1 

3' = 3 2 (a -H l)"- 
- 1=0 



Y^' = (cx + 1)' ^Y^. 



Hypotheses Related to Early Childhood Education • - ' 

The hypo,theses Implicit In the arguments for early childhood Intervention 
programs can be tested in the context of our model as represented by Eq'. (3). 
Thy hypotheses can be' best developed by considering an example. The Impact of 
changes In purchased school Ihputs (X^) at grade one on the final capital stock 
at, say, grade two .depends on (1) the elasticity (Y-j^) of capital stock (K^) at 

.grade one with respect to purchased inputs (X^) at grade one and (11) the 

' . ' • 1 ■' 

elasticity (a + 1) of final capital stock (K2) at grade two with respect to the 

** « ' ' 

capital stock at grade one (K^) . Using Eq. (3) we can quickly compute the 

elasticity of capital stock at grade two. with respect to purchased Inputs at 



grade one as Y-j^(ot + 1) . 
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If the exponent (ot -h i) is greater than one, ceteris paribus\ an increase, 
in purchased inputs at grade one results in a higher percentage change in the 
final capital stock at grade two than grade one. Consequently, one possible, 
economic interpretation of the arguments for early childhood intervention 
programs is ot > 0, which implies increasing marginal productivity of the initial 
stock of human capijtal. The null hypothesis which we test later in this' paper 
is a = 0 . . ' "V 

A second possible interpretation of the arguments for early childhood 
programs is that the exponent y. decreases over the school-life of the child. 
If is a linear function of/ time such that - ^0 ^1 ^ policy 
implication is, ceteris par/bus , the smaller is c.^^ the more resources should be 
allocated to the early grades. Hence, we test the null hypothesis of a c<>n&.<ant 
elasticity on purchased /school Inputs over time, i.e., = c^ for all t. 

II. SPECIFICATION OF THE MODEL 



A. The Sample and Data 

The sample ^sed in estimation of the human capital accumulation model as 
represented by /Eq. (4) consists of 669 st:udents who completed eighth grade by 
1965 and attended schools' in a single district in California for all eight yiears , 

Of the 669 //tudents, 356 are black and 313 are white, 212 are in the college 

/ 

preparatqry track in junior high school arid 457 are in the business-vocational 

/ • . _ _ • ' 

track.^/ ' 

yRace may be considered a proxy for incomie in this sample. According to 
Census figures, a year when students in the sample were in elementary 
^thool, mean income of black families was $5287 and mean incoine of; white 
/families was $7768 in the geographic area included in the school district under 
study. No measures of income were available for the sample used,, but in terms 
of possible surrogates we find an index of home inputs is 5.17 for white pupils 
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and 4.25 for black pupils, and the number of siblings living at home is 
1.3.8. for whites and 2.85 for'blacks. The differences are statistically 
significant. 

Track in school may be considered a proxy for achievement or ability in 
this sainple. Upon entering junior high school, students are assigned to 
tracks on the basis of cdurse grades and teacher recommendations. The mean 
percentile I.Q, score of pupils in the college track is higher than the mean 
score of pupils in the business-vocational track at both grades one and eight, 
and the difference between those scores increases from eight points at grade 
one to nineteen points at grade eight. A disproportionate number of students 
in the college preparatory track 'are white and a disproportionate number of 
students in the business-vocational track are black. ' 

The data collected on the sample includes'' measures of the stock of human 
capital at grades one and eight, measures of home inputs collected at grade 
eight, and measures of purchased school inputs between grades one and 'eight. 
The precise specification of these variables is provided in Table I. Of all 
the variables included in the specification of the model, the one presenting 
the greatest conceptual difficulties is the measure of human capital stock. 

B . Measuring the Human Capital Stock ^ ^ ^>r 

Human capital is measiTre^l~~±n^^this paper by percentile scores on standard- 
ized examinations of cognitive learning: Implicit in this measurement of human 
capital are the assumptiortB that cognitive knowledge can be measured by scores 
on standardized examinations and' that cognitive knowledge is an important 
determinant of the present value of one's future earning strean. The validity 
of these assumptsLons is discussed later. 

The specific measures of human capital stock used in this paper include 
the percentile I.Q, score at grade one and percentile scores on I.Q. and verbal 
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acHevement tests at grade eight. To test the robustness of the estimated 
structure af the model, three measures of grade eight capital stocic aire utilized: 
Heiinon-Nelson I .Q. (Q^) , Stanford Language (Q2) , and the -Differential Aptitude 
Te^t of Reading (Q^) , * " 



C. 



tc 



Home Inputs 

The quantity of instructional services provided in the home is assumed here 
be a function of the capital and labor in the home. By -capital we mean both 



physical capital such as books, games, toys, etc. and -human capital of the~ 

arents. By labor we mean the quantity of time parents spenci with children as 
wnll as the amount of time children spend studying on their jown. 

Physical capital is proxied in this. study by (i) an index, compiled from 
sjtudent questibnaire responses , of the number of cultural items in the home 
and (ii) a variabfe indicating home ownership. The index ranges in value from 
ero to seven. The home ownerghip variable is .dichotomo us , taking the value e, 
l:he base of the Naperian logarithm, '"if the family owns its home and one otherwise. 

Human capital is proxied by the \i umber of years of education of the mother " 
md the father, as reported by the student. We* have no mea'sure of * the time 
Input of children, but the time input of parents is proxied by the number of 

8 ' 

iblings in the home. The reasoning here is that ^ ' ceteris paribus y the larger 
the number of children in the .home, the smaller is 'the amount of timie.the parents 
can spend with any one child. The time of older siblings may in this respect 
be a substitute for parental time, but .we have no data on the age-ordering of 



siblings . 



Sch'ool Inputs > 
The quantity of instructional service's provided in the school can be assumed 
to be a function of the capital and labor in the school. Capital includes' physical 
capital such as books, laboratory equipment, special educational aids, etc. and 
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human capital of the , teachers , administrators, and other personnel. At a 

micro level, labor in the school refers to the quantity of time a teacher 

allocates to a given child and the pupil's own work effort. Teacher time may 

be related to class size. . 

While it iwould be desirable to have direct measures of capital^and labor 

in the school, we proxy these purchased inputs by current real expenditures per 
9 

pupil. This aggregate measure of school inputs is also a convenient one to use 
in the estimation of our model. Including the individual component^ of 
expenditures in this model might result in multicollinearity if the con^onents 
are- highly correlat«^.d over time. , . . /- 

The expenditure va?:iable was computed from (i) school budget records, which 
gave expenditures on. supplies and equipment j administrative and counseling 
personnel salaries,' (ii) teacher personnel files, which provided information' on" 
salaries of specific teachers, (iii) school attendance records, wKich reported 
class sizes for each teacher, and (iv) student academic records, which included 
information on specific schools and classes of pupils. For tfie particular - 
sample used in this study, expenditures per pupil are relati-vely constant over 

the elementary years but. increase sharplywhen students transfer to junior high 

, • . 10 - V ' 

school. ' ^, 

No direct measure of the pupil's own work effort is available to us , but 

a determinant of that work effort is available. Pupils can be viewed as making 

work-leisure choices within the classroom. If the returns to work, changes in 

^ >■ 

future income and current rewards from parents and peers, iricrease, the child 
could be expected to increase his work, effort. If the socio-economic composition 
of the peer group changes, current rewards change, and the child may change the 
proportion of time spent in study as opposed to leisure. Hence, we include 
average proportion of low school peers of low economic status in grades one 
through eight as a non-purchased input which could be expected to affect the 
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"child's work effort and ultimately his terminal capital stock. "^"^ An increase 

in dhe proportion of low economic status -peers may also adversely affect" 

learning by -requiring the teacher to" spend more time in discipline and less 
in instruction. . 

III. RESULTS ' ■ ' ' , 

/The estimated parameters of the non-linear capital accumulation model 

given in Eq. (4) are reported in Table I. The structure was estimated usijig 

' ■ . . ^ ■ " • 

ordinary least squares. The time paths of elasticities associated' with 

, ■ i '■■ ' '. ■ ■ ■ ■ 

^ *• ! " - ' • ■ ■ 

•purchased inputs were constrained toj fit a f irst^deg^e polynomial, which 



12 

traight line*. The time path of 



restricts the y^' exponents to a st 
exponents is . similarly restricted only if a = 0.0. "Twc re arsons lie behind this 



specification of the time path. First V'we^are att'en^ring to answer a relatively 
simpl^^ policy question: shoufd schools allocate e^ual quantitieis" of school 
inputs to each grade level? The corresponding null hypothesis is that 

dx^lme with, the^altei 



production elasticities are constant overtime with, the^alternative hypothesi^^ 

■ ; ■ ■ i 

being they are not constant. Hence, we are primarily interested in rfw 

divecition oT change of production parameters over time. ^ Secon^^ '^preliminary/^ 

•■:>■• . / - ' 

results indicated that alternative specifications of the time pattern fit the 

: ' ^ ' • - ' * • . [ 

data no better; indeed., coefficients on higher degree polynomial te^rtns/ in the 

^ ^ , ^ 13 

distributed lag specification were often statistically dnslgnif leant . 

r ■ . - ^ . . . 

A. P re-School • ' • ' ' . , . , 

The estimated exponent -on the pre-schobl level o^" human capital sfock (K^) 
is .631. In other words, a one unit increase in the pre.-school stock is 
reflected in only a .53 unit increase, (computed at the means of Kq and K^) in 
the terminal stoclc.. The , corresponding value of a computed '^from Eq..'(5) is 
-.064,. ^which^^. less than zero and implies diminishing marginal productivity. 

■ • . ■ ' . ■ ' ■ ■ . ■ ' 
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B . Home Inputs • • • , 

The exponents on home input variables have the expected signs. The proxies 
for physical capital in the home, the index of cultural items and family 
ownership of the home,. are both positively related to changes in the human 
capital stock. At the means of the variables, a one- Bnit change in the cultural 
index .is reflected in a .16 unit change in the terminal human capital stock. 
' Ownership of the home is associated with a terminal capital stock which is 2.28 
points 'higher . . - , 

The proxy for human capital in the home, parental-education, is positively 
related to changes in the pupil's capital stock for both parents] but the 
exponent is statistically significant only for education of the father. An 
increase of the father's educatibn by one year results in a .75 unit change in 
the pupil's terminal capital stock. If we had any a priori expectation that 
these exponents should differ between parents, it would be that the exponent, 
should hv- larger for the mother, since she probably spends more time with the 
children than does the father. This -is the result obtained by Leibowitz (1974) 

f 

in her sturdy of preschool investment in children. We cannot reject the null 
hypothesis in this study that the exponent is. of.;equal size for mother and father 

. The proxy for labor in the- home, number of siblings, is as expected, 
negatively related to changers in the pupilVs capital stock. An increase in the 
number of siblings by one is reflected in a decrease in terminal capital of 

.56 percentile points. This result is similar to one found by Bowles (1970) i 

•■■/• ■ ■■■ \ . ■ 1- . ■ • ■ 

Cr" School Inputs ' . ' ' 

-^•School variables include purchased and non-purchased inputs. The latter 
variable is the proportion of peers of low economic status in grades 1--8 which 
is negatively related to changes in the capital stock. However, the results 
indicate that decreasing* the variable by 10%. would have a cumulative impact on the 

■. 'V" •• ■ 42 " ' ■ ' ; 
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terminal capital stock of only + 0.6%. 

The exponents on the purchased input variables in Table I imply a time 
path of production elasticities (y) , which is reported in the first column of 
Table II, The pattern is not constrained to always be abo^ye zero; 'hence, - 
negative estimated elasticities are possible. However, the negative exponents 
estimated are unrealistic and probably result ^rom the restrictions in^osed on 
the pattern of exponents^ over time; they should be ^regarded as simply being close 
to zero . . , . 

The elasticity increases from .018 in grade one to .198 in grade eight. A 
given percentage increase in purchased inputs is estimated to produce a larger 
percentage increase in the capital stock at grade eight than at grade one. 
Since a. < 0 , the conclusion^ follows that a given percentage increase in 
purchased inputs at grade one results in a smaller percentage change in terminal 
capital (K^) than, an identical percentage increase in purchased Inputs at grade 
eight. 

The time pattern of elasticities (y) estimated for is displayed graph- 
ically in Figure 1. We test the robustness of these results by using two 
alternative measures of capital stock, the Stanford Language Test (Q2) 
Differential Aptitude Test of Reading (Q^) • Only the parameters a and y are 

reported here because the exponents estimated for other variables in the model 

14 

changed vary little in terms. of sign and -statistical significance. The results 
are given in Table 7 and drawn in Figure 1. 

For capital measures Q^, and we find an estimate of a which is slightly 
greater than zero . All the estimated time "patterns of y have the same direction 
of change as, for Q^, although the rate of change varies somehwat. Takin'g these 
'results together tEq. (5)]>we find the elasticity (y') of terminal capital stock 
with respect to purchased inputs (X^) increases with the grade level. The results 

^3 
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obtained using are relatively robust; hence, all further estimation was done 
using as the measure of the terminal capital stock.. 

D • Disaggregation by Race and Track ^ '' 

The saniple was disaggregated by race, and Eq. (4) was re-estiniated separately 
for- blacks and whites to determine whether or no,t the time pattern of elasticities 
on purchased school inputs differ. As noted earlier, race is largely a proxy for 
income for this sample. The results are again reported in Table 2 and displayed 
in Figure 2. The estimates of a are slightly less than zero for both blacks and 
. whites. 

The estimated time pattern of elasticities (y and.y'O.on purchased school 
inputs increase over the school-life for whites. For the black sample, we' 
cannot reject the null hypothesis that the value of y' ±s constant between grades 
1 and 8. ' ' 

The sample was also disaggregated by track in school .and the model re- 
estimated separately for pupils in the college preparatory track and pupils in 
the business-vocational track. Pupils in the college "track are relatively high' 
achievers ^^while pupils in the business-vocatiotlal track are relatively low 
-achievers. Again, the estimates' of a are less than zero ^or both sub-samples. 
The estimated elasticities (y and y') increase with time fc'r both, sub-samples, 
although the results are statistically significant for the college' track only. 
If the elasticity on purchased school inputs is constrained to be constant over 
time,^the estimates become statistically significant for the business-Vocational 
sub-sample. . These results are again shown in Table 2 and Figure 2.-'"^ 

The differences in time patterns of elasticities between tracks may be a 
result of different learning objectives as well as; different student abilities. 
iThe assumed objective in this study is verbal cognitive achievement, but it is 
possible that the school may not be so interested in imparting verbal skills to 
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vocational track students as it; is interested in imparting machine-working 
skills. ' . . , . 

Summing up the" results, we fin^ the estimates of a are always close to . 
zero, • irrespective of output measure or sub-sample employed. The production 
elasticities (y) associated with purchased inputs increase over the eight years 
of schooling "for the full sample. The slopes, however, differ substantially 
for different measures of the human capital stock and for different sub-samples 
In general, we find the slope is higher for a measure of reading achievement 
(Q^) thaa a me^asure of I.Q. (Q^ , higher for whites (high income) than blacks ,.,, 
(low income), and higher for students in the college preparatory track (high 
achievers) than students in th6 business-vocatiplnal track (low achievers). 

IV. POLICY IMPLICATIONS- / 
A. A Caveat / 

' Prior to discussing the- policy i4>lications of the empirical results, a 
oaveat-X^ in order. The results obtained here may not be generalizeable to 

the world as a whole . These results may be peculiar to the sample used, the 

« 

measures of human capital stock used, and the types of inputs typically purchas 
and teaching technology typically employed in the district studied. 

The sample is probably .not atypical of students enrolled in large, urbaSf-'^... 
school systems, but profcably has little in common with school children in 
rural Iowa. Disaggregation by race and track in school indicates the results c 
and do differ Between sub-samples. . - 

Measuremei|t of the human capital stock is a more, serious problem. 
Implicit in the measure of human/ capital stock employed in this paper are two 
assumptions. First, cognitive knowledge is assumed to be measured by scores on 
standardized examinations,, including I.Q. tests. A difficulty with such 
standardized exams, is that ' they'" reflect only the level of learning relative to 
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some comparl!3on group (In our case, a national sample of pupils) inste"ad of 
absolute level of knowledge."''^ Furthermore, the precise skills and knowledge 
measured changes over the school life of a child. Measuring gains in cognitive 
knowledge, or educational value-added, by comparing percentile scores at, say, 
grades one and eight assumes the'^same type of knowledge is being measured, 
^which is not precisely true, I 

Second, cognitive .knowledge is' assumed to be an important determinant of 
the present value of one's future earning, stream. If both these assumptions 
hold true, one would expect to find a statistically significant, independent 
relationship between scores on tests of cognitive learning and future income. 
Recent research [Griliches and Mason (1972), Hause (1972)] has foqnd^/such a 
relationship to exist, although its si-^e is small. The size of the relationship 
is larger if one- explicitly takes into account the. effects of test'scbres in 
determining years of education attained by individuals fRibich and Mutphy (1973)] 

A further problem with the examinations used in ..this study is th^'t they are 
all verbal in emphasis. Thus, the results obta/ined here do not necessarily 
extend ''to other types of cognitive ^knowledge . /por example, learning majthematics 
'is more structured than learning verbal skdll.^, requiring a firm grasp of 
concepts at one level before the student cap/proceed to the next levejl. One 
might find a different time pattern of production coefficients for mathematics 
achievement than was found for verb al"' achievement. 

In "addition tcP the school output, home and. school inputs may be imperfectly, 
/measured. Direct observations and measurements of capital and Iflbor inputs 
in the home are ideally required for our empiri^jg^lT^ana]^ At the very least, 

it would be desirable to have information from parents on the amount of time they 
spend with children .(for example, see Leibowitz (1974)) and'^he types of physical 
objects available in the home. Unfortunately, we have to rely upon student 
responses to questionnaire items, which serve as proxies for capital and labor 



inputs. ' 

Direct measures of capital and /labor inputs in the school would also be 
desirable While proxies for these Inputs, are available, we have little 
information on the reliability ot those proxies. • - 

/ Lastly, the model says nothing . about the effects of changing technology 
and increasing expenditures In the early grades . If early childhood intervention " 
programs' entail radicallyylif f erent teaching technologies , the parameters estimated 
in this paper are likel/to provide inaccurate predictions of the results of such 
programs. ,Furthenno/e the patterns of production elasticities estimated here 
may in part refWt differences in teaching technologies between elementary and 
junior high sdnools. 

B. Hypothesis Testing ' 

We earlier formulated two. hypotheses implicit in the arguments for early 
^childhood intervention programs. The first null hypothesis tested is that' the 
elasticity (a +1) of the final capital stock in one period with respect to the 
capital' stock in the preceding period is equal to one. In other words, the null 
^hypothesis is a = 0. /We find we cannot reject that null hypothesis for the full 

imple, any of the sub-samples., or any" of the measures of terminal capital 
^stock. This finding provides no support for the proponents of early childhood 
programs. * " 

The second null hypothesis is that the elasticity (y) of the final capital 
stock in one period with respect to purchased school ' inputs in that, period is 
of equal. value for all periods. In other words, the null hypothesis is is 
constant for all t. The null hypothesis is rejected for the full sample and ' 
for what we assume are high achieving and high income students. We accept the 
alternative hypothesis th^t value of y increases with time. ' Hence, this finding 
provides no support for those- advocating special early childhood programs for 



all children. ' . 

'However^ this second null hypothesis cannot be rejected for what we assume 
are low achieving and low income students. These are precisely the children who 
are the targets of early childhood compensatory education programs/ Hence, our 
bindings provide some support for such programs, although it should be kept in 
mind that we never found the production elasticities y to decline with time. 
This latter result would have provided' the strongest support for early childhood 
programs. Furthermore the values obtained for y in the early grades are siall 
(Y^ = .13 for blacks and y^^ = .01 for business-vocational track) which indicates 

increasing purchased school inputs has a. relatively small effect on achievement. 

i 

Optimal Resource Allocation Over Time - 
The hypothesis testing provides some general" conclusions about optimal 
resource allocation over time. The precise implications of our findings for 
resource allocation can be derived by assuming the school attempts to maximize 
terminal human capital subject to a, budget constraint. The optimal investment 
trajectory., assuming a^zero rate of discount, is obtained by setting up the 
Lagranglan: ^ . s 

fv- ■ «• T-l/ Y. ' ' T-1 \ 
./ = A'K °' ^A, ■+ A B - EX, (6) ' 

" i=/ 1=0 ^/ - ' 



The first-order conditions for the problem are then = 0 / such that 



^1- A 



X, 



for all i , so that /^S '■' (7) 
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In other words, the pattern of investments should be in the same direction as 
the pattern of change in the , elasticities , or in a continuous time notation: 

§ign (X) = sign (y^') ' ' . (8) 

The same result is found by applying Pontryagin's maximiam principle'; the deriva- 
tion is reported in the appendix to this paper. 

In those cases where the statistically significant results obtained in 
the estimation of the model showed production elasticities which continuously 
increase with time between grades one and eight, the optimal investment tra- 
jectory .should be one where the- quantity of purchased inputs per pupil also 
increases with time. Comparing two time periods, i and j, Eq. (7) cah be 
rewritten: ^ 

X. y.' (gf 1) y y 

■j (ct+l) J y . 

For the case where output is and the full sample is used to estimate the 
structure, the optimal investment trajectory is one where about^seven times' as 
many purchased inputs are given to students in grade eight as are given' to 
students in grade one. This ratio considerably ejxceeds the actual' one as 
demonstrated in Figure 1. Marginal productiv^ities computed at the means of the 
variables for 'the same sample and output indicate that increasing purchased 
inputs by $100 in grade eight or $100 in grade one would intrease terminal 
achievement (K^) by 2.5 and .3 units respectively. In other words, one dollar 
spent in grade eight has the same marginal effect on as doefl-abput $8.33 
spent in grade one. ^ 

er|c 



*While the conclusion that school inputs should increase with time appears 
to be generally true for whites and high achieving students who are in the 
college preparatory track, it does not hold for blacks or students in the 
business and vocational tracks.. For these latter sub-samples resources should 
be. more nearly equaily distributed over grade levels, which implies the actual 
expenditure pattern in the school district should be flattened out with an 



increase in dollars spent in the early grades and a decrease in dollars spent 
in the lajer grades. ^ 

In sum, tbis paper provides some -support for early childhood Intervention 



programs oriented towards disadvantaged children, but it does not provtie 
support for extending early childhood programs to all children. In ^he specific 

district studied, the terminal human capital stock of disadvantaged/children 

. / 

could have been increased by reallocating resources from the later grades to 

' / •: 

the earlier grades. The opposite conclusion holds for advantaged children. / 

' ■ - ' / ^ 

■ ■ • . / • 

^ ■ / 
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- . APPENDIX 

In continuous time the problem of maximizing terminal time Human capital 
stock subject to a budget constraint can be expressed as maximization of 



J' 



K(t)dt (A-1) 

0"^ 



where^^ 



Y • 
K = AK^.X^^ . (A-2) 

and subject to th^ budget constraint: 

. . ■ V ■ • . • ■ 

B.= Jx/*^ . , - XA-3) 

The budget constraint can be transformed into a differential equation: 

R = - X . (A-4) 

with R(0) = B and R(T) = 0 . 

For the time being we ignore non-negativity constraints, on tl;ie stock of 

human capital and on investments as well as constraints on the amount of 

positive investment, Tha Hamiltonian is then: 

• Y ^ - 
H = p^AK^X ^ - p^X . • (A-5) 

*The costates are defined by the differential equations: 

' ^1 a-1 ^t 

= - cxAK^ ^X ^ CA-6) 

. i " 

P2 ^ 0 . . . ' . 

The transversality condition resulting from the objective of maximizing terminal 
time human capital stock is 

^1 . ^ . . 
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Pl(T) =.1 



CA-8) 



The bpfimal investments are then determined by: 

1. 



a 



n ■ V 'l'^'^'^ 



From Eq. (A-'9) it now follows for > 0 that 
sign (p^)'= sign (P2) . 



(A-9) 



(A-10) 



Since P2 is constant, this implies that p^ does not change sign, Combining 
Eq. (A-10) with the transversality condition of Eq. (A-8) and excluding the 
^'infinite" budget case where P2 = 0, we conclude that. 



P2 > 0 



(A-ll) 



^We can now proceed to explore possible upward or downward tendencies in 
the" optimal investment schedule. Differentiate Eq. (Ar9) with respect to time: 



X = 



1 - Y, 



a 



P^Y^k" + aPiYtK"'"^ K 



where 



, 8X . 



It can easily be . shown that 



sign (X) =i (y) 



9Y 



(A-12) 



(A-13) 



Hence, it follows that 



if 



K ^ 0 , ^-0 
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FOOTNOTES 

*Work on this paper was supported by a grant from the National Institute- 
of Education. We wish to thank H. E. Freeh, Arleen Leibowitz , Henii^y Levin, 
Robert Michael, and Finis Welch, for helpful comments on an earlier Idraft. 

.''iThe. source of these^d'ata is a Stanford,^.Research Institute report titled, 
"Alternative Strategies for Compensatory Education." According to the California 
State Departisient of Education, well oVer half of all students enrolldjd in ESEA, 
Ti~tle I, in the state are in kindergarten through grade three. ) 

^ile evaluations of early childhood intervention programs typically 
find large short-run gains in learning,, the long-run gains are statistically, 
insignificant. " 

"^There is a large bo4y of research on production of human capital in 
specific grade levels of public schools [Hanushek (1971), Katzman (1968) , 
Humane (1974) ] , but th^ specif ications of the production ^functions af^d 
the measurements of human capital have differed sufficiently to make the 
results non-comparable. Hence, these studies have no policy implications 
for resource allocation over time in the schools. 

4 . ■ . 

. Of course, the rationale for government intervention in education is the 
existence of . externalities , which are largely unmeasureable. It could, 
however, be argued that external as well as private pecuniary and non-pecuniary 
benefits are a positive function of the level of the human capital stock. 

, ^^^^-tfTough there has been considerable theoretical research Ion optimal 
investment in human capital by individuals over.'. the" life-cycle ['Ben-Porath 
(1967), von Weizsacker (1967), McCabe (1975), Wallace and Ihnen (1975)], that 
reisearch^' has only lithited applicability' in this paper. In the prolTleni^tated 
here, the government, not the individual, is the actor, the period of time 
during which investment can take place is clearly defined and constrained. 
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and the objective is Maximization of the human capital stock, not individual 
utility • 

^The data do not enable us fb distinguish between the model presented 

here where depreciation is multiplicative ((1--6) K ) and one where 

\ . 1-6 ^""^ 

depreciation is exponential , In the. latter model the corresponding 

coefficient on old capital., in Eq, (4) is 1 - 6 + a , and the resulting 

estimate of that coefficient, instead of telling us the value of a merely 

indicates whether or not 6 exceeds a . In other words, the results would 

indicate whether or not the rate of depreciation exceeds the contribution 

of initial capital to growth in the capital stock. The policy 

implications of our results arj^-- similar for both models • 

^It should also be noted tTiat while blacks and whites attended largely 
integrated junior high schools; the elementary schools they .attended were 
largely segregated on the basis of race. 

8 ' ■ > ' 

See Bowles (1970) for the rationale behind the interpretation of some of 

these variables. , ' . * 

9 • ■ . . ; ■ 

: The usual simultaneous equations problem in estimation of production 

functions appears not to be present for the cohort of^ students under study. 
It. is sometimes argued that *^good" teachers are assigned or assign themselves 
to teach the "best" students, but our estimates of a simultaneous equation 
model of student achievement and teacher allocation do not support this asser- 
tion for the sample under study. A/recent study by Greenberg and NrCall (1974) 
reaches the opposite conclusion for the city of San Diego. It should also 
be noted that the estimated production elasticities on purchased inputs may 
not be those of the most efficient schools, but father some average of efficient 
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and inefficient schools.' This problem is explored in greater detain by 
Bowles (1970) and Levin (1974). ^ • 

■^^School district decisions about allocation over grade levels are 

influenced, by state grand-in-aid programs in edu&ation. For example, in 

California the amount of state aid per pupil is higher in secondary than 

elementary education. Furthermore, the sharp rise in expenditures at grades 

seven and eight is in part due to special property tax over-rides legislated 

by the state for the purpose. of " inducing districts to provide specialized 

education (where ins triictors ' teach their specialty as opposed to. one instructor 

teaching all subjects) . The pattern of expenditures for this sample is, also, 

in part explained by the fact that early childhood compensatory education 

programs were almost non-existent during the years the sample was' in / 

elementary school. All pupils in the sample had completed elementary school 

by 1963. . ' ■ • 

11- ' ^ 

Information -on family income is not available for the sample of studerfts 

used in this stady. Data on educational and occupational status of parents 

ifcfas used to construct the variable measuring the proportion of school peers 

of low social status. - 

12 • ' ' 

Constraining the time pattern of the y^' coefficients to fit a first-. ■ 

degree polynomial, Eq, (4) can be rewritten: . , 



i U 1' 1 |- 



Taking logs we obtain: 



- . ' . T-1 T-1 

log K = log A' + a' log K + g' log Z + 9„ E log X, + 9, E (T-1) ' log X. 

■ ° ° 1=0 . ^ ^ 1=0 ■ 
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where : 



Y^' - + (T - 1)9^ ^ 



This is the human' capital accumulation equation used to estimate a and the 

pattern of production elasticities, > over time. 

13 , ' 
■ An additional reason for choosing a low order polynomial is possible 

correlation among resources over time. Amemita and Morimune (1974) recently 

concluded that. this is an appropriate procedure when using the Almon 

distributed lag. ' 

14 

The full set of results is obtairiable from the authors. 

Again the full set of results is available from the authors. Dis- 
aggregation of the fufll sample on the basis of level of pre-^school capital 
stock resulted in findings similar to thlse obtained by disaggregating by 
track. 

^^Ideally , an absolute measure of cognitive knowledge would be used as 
a measure of growth in the stock of human capital. The relationship between 
the ideal measure and the percentile measure actually used c^n be shown 
mathematically by emiploying two simplifying assumptions. /First, assume raw 
scores (y) on tests are normally distributed so the transformation * of raw 
scores into' standard scores (z) with a zero mean and a standard deviation of 
one is a linear- ane-:- — -^^^ 

■ V " ■ ■ • ■ 

where and represent the mean and standard deviation of the population 
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on which the scores were 'standardized for grade t. Second, assume the * • 

standard scores are distributed sufficiently close to the zero mean such 

that the transformation between standard scores and percentile scores (k ) 

it 

is approximately linear: ' . 



If the true model using raw scores is represented by Eq. (4), the model which 
should be estimated using percentile scores is: 



■ a 
a 

k. = 50A ^ 



^t 

..02K^^+^ -1 



X t _ _t+l ^ ^ 

■ ' ^t+i 



This model cannot be estimated using available data for no information exists 
on M and a over time. An experiment was conducted to determine , the direction 
of bias in the pattern" of y ^ coefficients if and increase with t. 
However, the results were inconclusive. 

We have assumed a zero rate of discount (r) because (i). there, is no 
single correct value for c and (ii) 'a non-zero rate of discount does not 
change the general policy implications of this paper. Assuming a positive 
rate of discount, B becomes the present value of the. stream of per pupil 
revenue to be received by the district over the school-life of the .child. If 
•K^ is maximized subject" to the budget . constraint B = E ^\ ^ (1+r)^]. the 
resulting first-order conditions for optimal resource allocation over time are 

y^' (.l+r) Y^' (1+^)^ yj 

■ - / ^1 •• ~2 V'" ^ v~ 

In other words, the general conclusion of this paper that the rate of increase 

' ; 60 
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in should be the same as the rate of increase in y^' is altered, to read 
that the rate of increase in should be larger than the rate of increase 
in Y^.' * Even if Y' is constant over time, the policy implication is that 
the level of expenditures should increase over time. 
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TABLE I 



Estimated Structures of ^ Human Capital Accumulation Model For. Q^^ 



Variable 



Constant, 

Percentile Score on 
Grade Onel.Q. (K^) 



t 



Mean 



55.24 
(9.41) 



Coefficient s 
-4.294 

* 

.631 
(.056) 



tt 



Cultural Index 
Home Ownership 
Family Size' 



Years of Education 
of Mother 

Years of Education 
of Father 

Proportion jf Peers of 

Low Economic Status, Grades 1 - 

Purchased Inputs per Pupil 
Grades 1; - 8tt " 



4.68 
(2.06) 

■ .682 
(.47) 

2.345 
(2.06) 

11.9 7 
(1.89) 

11.86 
.(2.02) 

.342 
(.185) 

2350.80 
(200.62) 



.016 
(.008) 

.049 
(.022) 

-.028 
(.007) 

.085 
(.074) 

.190 
(.069) 

-.060 
(.012) 



.198 
(.034) 



-.026 
(.007) 



Standard Error 
„2 



.247 

.407 



Number of Observations 



669 



669 
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Statistically significant at .05 level, two-tail test, 
t Standard deviation in parentheses, 
tt Standard error in parentheses. * (T-i) 
j-tt Vi and V2 represent the expressions, ttxi and TrXj^^ , respectively; 

the time pattern of elasticities is computed from the exponents on 

Vi and V2. 
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] • FIGURE 1 

Estimated Purchased Input Elasticities of Production 
for Alternative Capital Stock Measures, the Full Sample, 



Grades 1-8. 




FIGURE 2 

Estimated Purchased Input Elasticities of Production 
for Q- , by Race and Track in School, Grades 1-8. 
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' . . ABSTRACT 

Education is a public sector activity which has been the focus of 
much economic research. Studies of educational production typically have 
assumed inputs to be exogenous and assumed pupils receive equal amounts 
of teacher time within the classroom. Here, an economic analysis is made 
of the effects of teachers on educational achievement uVider conditions 
where the teacher resources are distributed within the classroom according 
to a deterministic objective function.^ The maximization of achievement 
and the minimization "Of the variance in achievement are included as 
possible teacher objectives.. The production function is assumed to be 
Cobb-Douglas. The results indicate the elasticities on teacher character- 
istics are small in, size. Furthermore, teachers are found to strongly 
prefer maximization of average achievement to mjLnimization of variance 
in achievement in the class. 
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The production and distfribution of public output has received increasing 
attention from economists in re.cent years (Margolis, 1970) • Elementary, 
secondary, and- higher education represent a large part, of total public 
sector activity and, perhaps for this reason, have been the focus of much 
economic' analy.sis. Studies in publicly-provided education have analyzed 
the optimal provision of such public services (West, 1970), how such services 
should be financed (Reischauer and Hartman, 1973), the redistribujtive effects 
of public education (Hansen and Wieisbrod, 1969 ; Kryzaniak and Eris, 1974), 
and the optimal allocation of resources within educational institutions 
(Razin and Campbell, 1972; Levin, 1970) • 

In order to draw 1 telligent conclusions on optimal ^resource allocation : 
within schools or colleges, one needs information on both the prices of 
inputs and the precise nature of the production process. Levin (1974) and 
Bowles (1970) have pointed out s'ome of the problems endemic to studies of 
educational production and, more generally, production of public outputs. 
The purpose of this paper is to investigate some further problems in estimating 
production functions of publi^c outputs, again wi^th specific reference to 
education. 

Several well-known studies in educational production have found the 
effects of schqol resources on individual learning to be relatively small. . 
(Coleman, 1966; Hosteller and Moynihan, 1972; Jencks, 1972). -A^Qcmmion problem 
to many such studies has been that class average and not individual measures of 
school resources have been used as independent variables, thereby implicitly 
assuming that school resources are equally distributed across ail students 

. . G7 
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.within the classroom.*'' This is a convenient assumption, for average school 
resource measures are easily obtainable from school records, whereas 
individual resource measures would require an expensive and time consuming 
data collection. For example, measuring the allocati\>n of teacher time 
within the classroom might require placing observers in classrooms. However, 

if the distribution of school resources over students, is ripjt equal and is 

^ • • • •» .. • ' 

' fi * ■ 

related to any of "the other independent 'variables in the regressioti e'quation, 
the estimated school effects- are biased and may provide incorrect' pqaLicy 
inferences, ' 

In this p'aper-we explore the effects of teacher Inputs on individual 

/. . . . . . • 

achievement when the distribution of 'teacher ti^ne is simultaneously related 
to achievement. This relationship is viewed" as determined by the teacher's 
objective functipn,^ which is assumed to ..include average, level 'of achievement 
and variance in achievement in the classroom as arguments. The teacher 
resources used in the model are two measures of teacher quality : monthly * 
salary and experience. Salary is, of course, in part determined by experience 
bu*t it is also determined by degree, level "and .credits beyond the baccalaureate 

Recent 'research by ^roirxi and Saks '(1975) lend support to this type of. 
objective function. Using aggregate data for the State of Michigan, they 
conclude that at least the distribution and mean level of student outputs 
should be included as arguments in the school's objective function. Using our 
data, it is not possible to determine" whether or not the preferences of the 
SQhools with respect to level and distribution of outputs colncidca with the . 
preferences of teachers. 

The results of the study indicate that teachers .prefer s h^^er 'level 
of average achievement to a reduction 'in the variance of achievement. However, 
since the teacher effects are relatively small, the weights on the objective • 
function of the teacher are a relatij^e^ unimportant factor in determining 
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individual student achievsment . Although we were not able to do so, aiter- 

native specifications of teacher objective functions to take acdourit of other 

school outputs such as socialization or discipline might lead to considerably 

. ■ ■ ^ • ' ' ' . ^" ■ ' " 

different results • 

The Model . ^ 

Levin (1974) postulates a general formulation of the production function: 

^itVsf^Kt)' \(t)'°^(t)' Vt)' ^it^ 



where: 



A = a vector of educational outcomes for the ith student at time t 

= a vector of individual and family background characteristics 
cumulative to time t 

^i(t) ^ vector, of school inputs relevant to the ith studento cumu- 
lative to t . 

I'j^^^j a vector of peer or fellow student characteristics cumulative 
to t 

0^^^^ = a vector of other external influences relevant to the ith 
student cumulative to t 

= a vector of initial or innate endowments of the ith student 
at time t . . * 



The model of production employed in this paper differs from Eq. [1] in 
that the achievement ratio is expressed as a function of prior achievement 
and home and school input levels in the same time period: 

i,t-l . V . * ' ' 

where t and t-1 ^rep resent the level of outputs or inputs at time t and t-1 
respectively. School peer characteristics , P^^ > are omitted from the model 
be cause thie sample of students all come from the same classroom; hence, 



.■•■■•/. ^ ■ ■ ■ • ■ ■ . ^ /' 

average peet^haracterigtics ' are almost identical for each , individual student. 
Other external influences, 6^^ , are oiiiitted because we have no measures of 
such variables. Innate endowments, I^^ , are not omitted but are part of the 
recursive model, for A is a function of I as shown in Eq. [1]." 

The functional form of [2] is assumed to be' Cobb-Douglas; the exponential 
specification is preferable to a linear one both for its mathematical prop- ' 

erties and for the type of substitutability it permits between inputs. Only o 

• ■ • • ■ 

element of the vector A^^ i| used as an output mes^sure— test scores on 

standardized reading achievement tests, which are labeled Z .* The 
» . it 

structural equation of educational production is then represented: 
, $2 $3 ^ ^5 

where F^^^ and F^^^ represent the two family background variables- 
number of. cultural items in the home and size of family, and X^_^^ and 
^2it ^^P^^sent two school environment variables — teacher salary and teacher 
experience. The number df variables included In the model is limited both 

■ ■■ o • 

by the available data ^nd the small number of observations. Non-teacher 
\ school inputs such as books and supplies or building quality are assumed to 
be equally distributed among all students in the classroom. 

Simple estimation techniques cannot be immediately employed, as there 
are no individual observations on X^^^ ^^^^^2it " ^^^^ ^^^^ aggregate 
classroom figures for teacher salary and experience. However, if V7e assuni . 
a process by which X^^^ and X^^^ are generated, it is possible to derive 
functions ,for X^^^ and X^^^ in terms of variables ' for which there are 
empirical observations. In particular, it is assumed that the teacher has 
a utility function containing two elements: the average and the variance 
of achievement for his or her class, which he or she seeks to maximize 
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subjeet J^^-tWo constraints. Formally: 

cc^z a-Z(z - z)^ 
Max: U. = — — - + -= 



[4] 



Subject to: • Z X^^^ " ^it f5l 

\ l2it= " ^2t f6] 

Equations [5] and [6] embody the constraint that the teacher has a given 
fixed endowment oi teaching quality and time. 

The parameters and are, respectively, the marginal utility to 

the teacher of increasing average achievement and increasing variance in 
achievement. The ratio OC^/ol2 represents the marginal' rate of substi- 

tution between the two arguments in the utility function. Forming the 
Langrangian, dropping-^ the t 8|ibscript for convenience, and manipulating 
the first order conditions for maximization, the following functional form 
can be derived: ' 



^11 _ h± \ h ^^2 h " 

X2 Z + 2a^ var Z 

The educational production function of Eq. [3] can be reformulated with 
Eq. [7] to be: 



3/ 3o' ' 3. 



^11 ' ^2i ' ^i,t^l' ' 



I 



where 



a- Z + 2a^ var z. 1-B^' 
' ' :«i-^ (z^ - z), " ^ 
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and 



1-33' 

[10] - 



while 



3' - 33 + 3^. ; B^' = B^/(i-B3'); 3^' = &^/a-&'^'y .and 
^5' ' 35/(1-33'). [11] 

As a result of adding Eqs. [4] to [6] to the educational production 
function, we .no longer have full identification of all the coefficients which 
we would like to estimate in Eqj [8]. The Cobb-Douglas Specif ication and the 
constraints imply in Eq. [7] tjiat any student deceives equal shares of both 
teacher quality characteristics, an iiltultivcly appealing result since teachers 
allocate their time and cannot independently allocate . their characteristics;' 

Estimation . 

By assuming values for a^, a^, and 3^' , we can obtain ordinary least* 
squares estimates of A', 3^S and 63' . We selected that, combination 

of a^, a^, and 33' which f it ,the data'on best by yielding the smallest 

sum of squared residuals. The alternative statistic would not he-^ appro- 

priate in this example, as changes in the assigned values -for a^, a^,. and 33' 
lead to ^ha.ngea in the value of the dependent variable Z ' . 

In undertaking this analysis we are interested in discovering (i) the • 
signs on the parameters and and (ii) the marginal rate of substitu- 

tion between mean, achievement and variance in achievement, d^/a^ . Label the 
marginal r^te of substitution a' . We discovered early that .the sum of squared 
residuals is minimized when a.^^ > 0 and < 0 . As might be expected, the 
marginal utility of increasing achievement is positive, and the marginal utility 



of increasing variance is negative • 

Since the signs on the parameters were easily determined, the problem 
became one of estimating the marginal rate of substitution, a' , between the 
two arguments in, the utility function. Combinations of discrete values of 
a' on a scale of 10 (-100, -90, etc) and B^' on the scale (,00, 

• 025, ,05, ,1, .1^ , ,9) were used for the estimations of A', 6^'., g^' 
and 6 ' • The values which are reported in Table I are those which minimized 
the sum of squared residuals.- ' 

The nature and quality of all regression estimates crucially depend on' 
our knowledge and assumptions about the error term. In general, anything 
which affects the dependent variable, but which is not contained in the 
right-hand-side variables, finds its home in the error' term. First, if there 
is a misspeciflcation and variables are contained in error terms which are 
not random, then we will get biased estimates of the variances of the 
coefficents. Furthermore,' if the omitted variable is contemporaneously 
correlated with any of the right hand variables, there will be biased 
estimation of the coefficients themselves.. We assume that there is no ' 
problem of misspeciflcation, a point to which we return later. 

Second, there are. those random factors, like bad health on the day of 
the exam, which affect achievement scores. In this regression, obvious 
problems .arise from such random disturbances as one of the right-hand-side 
variables, '^^^^^^ > is subject to the same problems because it measures 
achievement in the previous year, by precisely the same method. In essence, 
we have a problem of errors in the measurement of the dependent variable 
•and of one independent variable through the use of standardized tests. In 
general,' such an error in the measurement of an independent variable leads 
a^biai^ca L.UiaaLes. lu Lliis case there is no a priori suggestion as to the 
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direction of the bias because there is no reason to suppose that good health'' 
or bad health should systematically affect a particular level of achievement. 

A final factor may enter the error term if teachers fail to optimize. 
The effects of non-optimizing behavior can be seen by adding a multiplicative 
error term in Eq. [?]• These error terms compound the normal error tefin"but 
do not bias the estimated coefficients g^'; 3^' ^5 ' because the variable 

from which they emanate has become part of the new right hand variable with 
the rearrangement of the regression equation. In general, additional random- 
ness of the error term reduces the power of our estimates. In this example, 
if the non-optimizing behavior is not completely random, it increases the 
possibility of marginally incorrect eteLces of a' and 3^' as well. Our 
results, particularly those for" a' and 3^' , do not claim marginal 
precision in the first place; so non-optimizing behavior should not present 
any great difficulties. 

Data 

The. econometric analysis was made using data on students and teachers 
-in an- urban school district in Calif ornia. The data collected include 

measures of student achievement on the standardized examinations required 

■ o 

in tfte State of California, measures of the student's home environment 

obtained from questionnaires, and measures of teacher .characteristics obtained 

4 

from personnel records. Student observations were deleted from the sample 

o 

if any of the informatioh used in the model was missing. 

The model described was tested for two classrooms of students in grades * 

three, six and eight. ^ The achievement variables are percentile scores on 

standardized verbal achievement tests for the current (Z^) and previous grade 

JLeyels— (-2 J — of— t4^e-s-t-udent^ — 'Numbe^r^G-f—cuitural-^L terns— (F--^ — 

, li 
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family possessions which ranges in Value from 0 to 7 . Family size (^2^) is 
the numbet of siblings living in" the home of the student. Teacher character- 
istics are monthly salary (X^^) and years of experience (X2^) . The choice of 
the particular teacher resource measures .to be incliidexi in the model is not 
too important in the framework used, as long as they have a statistically 
significant impact on achievement. Earlier cross-sectional research on this 
body of data demonstrated that to be the case.^ 

Regression Results 

The values of a' and g^' for which the sum of the squared residuals 
is minimized in the estimation of Eq . [8] are listed in Table 1 together 
with the estimated coefficients, their t- values, the R^ and the number of 
observations, for all of the classes and grades selected. 

Deviations in either direction from the %est" value of' 3^' were found 
to increase the sum of the squared residuals dramatically. The effect of 
variations in the value of the preference ratio was less dramatic. This is 
hardly surprising given the low valuation of 33'. Since teachers make such 
a small contribution, their particular preference functions and consequent 
distributions of time over students have ' little impact on educational 
achievement. 

In addition to' the consistency in choice of values for Oi' and 3^' 
shown in the six equations, the resulting estimates of the coefficients 
A* , 3^' , 32' * and , are broadly consistent. Finally we can note 

that most of the signs of the coefficients conform to expectations, and their 
values are. usually significant at a 95% level of confidence. 

It should be recognized that the results for a' and 3^' are not 
precise and there is no way of testing the significance of those particular 
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valuations. This being acknowledged, those particular valuations do very 
crudely suggest the magnitude of importance of teacher inputs to educational * 
production at the margin, and they also suggest the relative weights attached 
to average achievement and variance of achievement in the teachers' preference 
functions. From the "best** values of the marginal rate of substitution, it. 
appears that teachers in fact favor an increase in average ^achievement far more 
than a decrease in the variance in achievement. For example ,' grade three 
teachers are willing to trade off an increase in variance of one hundred 
points for a one unit increase in mean achievement. 

At the same time, the values of the. marginal products of the teacher 
resources which were calculated are of the same order of magnitude as those 
found in some of the earlier studies mentioned in Section 1. Elasticities 
are also close to those found by Hanushek (1972), who regressed avera^ 
school achievement on average school resources for a cross-section of schools, 
using, a Cobb-Douglas specification. 

Conclusions and Policy Implications 

The results discussed above have policy implications only if we assume 
the model to be correct. We noted the possible- bias in estimates resulting • . 
from errors in ^^^^^^ , the effects of non-optimizing behavior. But the 
real problems arise from the possibility of mis-specification of the production 
function. Unfortunately, it is precisely here that the theory of learning 
or educational production provides little guidance for any discussion. One 
cannot produce statistically precise results with clear interpretations in a 
theoretical vacuum. 

It may be this ignorance concerning the learning process which has led 
to the low value of g^' . For example,^ ignori^g a factor which is negatively 
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correlated to teacher inputs ' would lead to such a result , even if the real 
elasticity of teacher inputs were large. Yet even if the simple framework 
exposed here were a true representation of the process, the results do not 
necessarily imply that schools are ineffective in producing educational 
outputs. Schools' produce a multifarious assortment of outcomes including 
attitudes and social responses. It is then quite plausible that while 
teachers have little influence on the production of reading ability, contin- 
ued educational expenditures are justified for other purposes.. 

Schools have been assigned several missions in our society ranging 
from imparting cognitive skills to babysitting to acting as a selection 
mechanism for the labor market. Our findings are consistent with the latter 
■function. If teachers in fact have stronger preferences for raising the 
average level of achievement than for reducing variance in achievement, 
selection is made easier by emphasizing or increasing knowledge differences 
between students. Furthermore, a Cobb-'Douglas production function of the 
type postulated here implies that teachers with such preferences will allocate 
more time or more resources to high achievers or the socially advantaged.^ 

More research is required before strong policy implications can be made 
from these results. Not only should more attention be paid tp the develop- , 
Trient of a theory of learning to guide empirical work, but researchers should 

also study the production of the whole spectrum of school outputs and the 

o 

tradeoffs which exist, between them. The results of this study suggest not 
only that the contribution of teachers to educational achievement as 
measured by s tandardi^ied examinations is relatively small, but also that 
teachers weigh maximizing achievement more strongly than reducing the variance 
in achievement in their preference functions. This conclusion is consistent 
with the view that schools act as selection or sorting mechanisms for society 
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at large but in no way conclusively proves that sorting is the primary 
function of the schools. * 
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FOOTNOTES 

1. 



An alternative assumption is that school resources, especially teachers, 
are pure public goods within the classroom, a reasonable assumption if . . ' 
teachers spend all their time lecturing to the class as a whole, 

2 ' ' 

By looking only at variation in student achievement within the class-- 

room we have avoided another simultaneous equations problem in production 
wherein the best qualified teachers choose the classrooms with highest 
average achievement. See Nerloye (1965) for a discussion of the problem in 
estimating production functions in general; Greenberg and McCall (1974)- 
. present evidence that the problem does exist in education. 

3 

For example, no information' is available on family income. 

"4 . 

The tests used as output measures are the Stanford Reading Achievement 

tests for the respective grades. 

Whereas pupils in grades three and six had a single school -teacher 
for the year, pupils in grade eight had more than one teacher, although all 
pupils in a "class*' had the same set of teachers. The preference ratio 
then obviously pertains to some set of eighth grade teachers rather than one 
teacher alone. 

.^See Winkler (1975) . o ^ 

7 ' 

One property. of the Cobb-Douglas function is'positive cross derivatives 

for any two inputs, 9 2 > 0 which implies a larger marginal product 

associated with increasing teacher time to a high achiever or high socio- 
economic student than a low achiever or low socio-economic student. 

•80 
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• . ABSTRACT . 

s • • • . • • 

Children can be viewed as making work-leisure choices within the context 
of the learning process. By foregoing current leisure in or out of the class- 
room, , children can Increase their cognitive knowlejige and thereby increase 
their future earned income, In'this paper we derive a student labor supply 
function, which is simultaneously estimated with a production function of cog- 
nitive knowledge. Students are found to increase their work- effort if the 
returns. from that work, here measured by the marginal productivity of student 
3/abor, increase. Students are also found to increase their work effort if 
exogenous school or home .inputs are increased. 



The received economics literature on educational production has largely 
ignored student labor as a variable of interest. The productivity of student 
labor in learning has never been estimated, nor has much attention been^aid 
to the factors which determine the athounrt of student labor supplied to learn- 
ing. This paper attempts to remedy these omissions. 

Like adults, children in school can be view§4, making work-leisure 
choices which maximize their long-run utility functions. By foregoing current 
leisure, children can increase their cognitive know^ledge and thereby increase 
their future earned income. ^. 

The hours , of schooling available is usually exogenous to children. However, 
they can increase their supply of labor to education by spending a higher pro- 
portion of school time actively engaged in learning activities. Children^ can 
also increase their hours of work by studying more hours outside of school. 

The role of student labor in the educational production process has been 
generally ignored in past research. Exceptions are those studies which use days 

of school attendance as a proxy for student labor. For example, Wiley C1973). 

. ' ./ 

claim^ that variation in days of attendance is important in explaining - variation 

• . ■ ■ ... • 

in achievement scores in the data of the report on Equality of Educational 
Opportunity (EEO) . Empirical studies which ignore the student input to learning 
in effect end up estimating reduced form eqiiations of the learning process. 

This study attempts to specify and estimate a model of the educational 
production process where the student labor supply is endogenous. This model 
enables us to provide tentative' -Answers to some important questions. For example 
how do changes in school inputs avigfilable to the child affect his suppily of;, 

. ^ ;■■ • , . -S3: ■ 
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labor? Or, how does home production of cognitive skills in the pre-schobl. 
years affect the child' s. supply of labor to the learning process during the 
school years? 

THE MODEL ' ' ' 

Students aire assumed to maximize their utility subject to constraints 
on time and educational production. The utility function is assumed to /liave 
the arguments current consumption, C^- , future consumption, , current 

leisure, ,- and future leisure, ■ . However, for the purposes of this ' 

paper we assume current consumption is exogenously determined by parents. Due 
to child labor and compulsory education laws, children. in general, cannot 
tradeoff current leisure for current income. We also assume children expect 
to work full-time in the future and, hence, view future leisure as fixed at some 

amount . . ^ 

■ ■ ■ ■ , ■ • ■ \ 

Assuming and are fixed at and , the problem, as seen by 

the' student becomes one of allocating his total time available, T , between 

work in learning, W , and leisure,- L. , so as to maximize utility. 

The child's precise choice of present leisure and future consumption 

depends on (i) the possibilities for transforming leisure into future income 

and (ii) '•the child's own preferences for leisure and income. We assume future 

consumption is some monotonically increasing function of cognitive knowledge 

such that the tradeoff between current leisure and future income can be repre-. 

sented by the tradeoff between current leisure and current cognitive knowledge 

(Yq) . Unfortunately, .past research on' the relationship between cognitive 

skills and income does not lend strong support to this assumption. However, 

what is important is how the child views this relationship, and educational 

folklore tells the child education is the path to higher income and social 

mobility. The problem formally stated is: 

• . . ' SG . ,v" 
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Maximijre \ U(C , L , L.) / \ (i) 

0^0^ \ 



Subject to T = L + W 
o 



•C^ = f(W, Z) ; . (2) 

■ ■ ' ' V , ' " . . • , ^. 

where Z is a vector of other variables which enter th% human capital production 
function • - ' 

The tradeoff between leisure and future consumption is^ the marginal prpduct 
of student labor in educational* production.- Assuming diminishing marginal 
productivity of labor, this relationship is depicted in Figure 1. 

The student choice of leisure and current .consumption is determined by tKe 
point at which the product transformation curve is tangent- to the highest 
indifference curve. This occurs at point A where the .child receives L' hours 
of leisure and C' units of futurie. consumption. At point A the rate of * 
transformation is equal to the rate of commodity s'ubstitutton. 

In this study we impose the constraint that all s^tudents face the same 
production function for cognitive skills, although the rate of prpduct trans-" 
formation depicted in Figure 1 may vary between students5. However, we assume 

students may have different utility functions such that pupils facing the same 

. if ' 

production function may choose different combinations of lerisure and future 
consumption.. For example, students. A and B in Figure 1 choose different 
combinations of and and have different revealed rates of time preference 

E ffects, of Other Inputs on Labor Supply , \ 

One factor which nay cause the rate of product transformation to vary 
between students is the amount of other school resources., X , which they 
receive. Changes in X alter the optimal choice of leisure and futuije con-~ 
sumption. An increase in X can be shown to increase cognitive skills, arid 
thus future consumption, but^the effect on work effort is indeterminate. " ■ 
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An increase in school resources, X , has offsetting income and sub- 
stitution effects. In Figure 2 we depict a case where the marginal product 
of labor is constant over the range of values relevant td the pupil. Line 00 
' represents the original marginal product and point .0'; represents the original 
choice of leisure and future consumption. Line NN represents the new marginal 
product after X has been increased, and N' is the new choice of leisure 

and future consumption. In this example work effort has increased from L 
i ■ • • • i ' ^ 

to L . In other words,, the substitution effect, L to L - exceeds the 
. ' . s n 

income effect, L to L . • 

' o s - ■ ^ * 

Since dW/dX is theoretically of an indeterminate sign, we later estimate 
a student labor supply function, which enables us to compute dW/dX . A student 
labor supply function can be derived from the first order conditions for the 
utility maximization problem [Eq. (1)] given above. 

The family paays a large role in the production of cognitive skills, Y , 
in the preschool years . Like an increase in school resources, an increase in 

can be shown to have a positive effect on later cognitive knowledge but 
the effect on student labor/ supply is indeterminate. Hence, we estimate dW/dY 

P 

within the context of the ifiodel. 

SPECIFICATION OF THE MODEI, - " . ■ 

The Production Function 

As is well recognized, there is little theoretical guidance for specifica- 
tion of the production function for cognitive knowledge. We assume., like 
Ben-Porath (1967) , that the functional • form is exponential or Cobb-Douglas . 

The measure of output is, again like Ben-Porath, assumed to be the change 
in cognitive skills over a given period of time. In this c^se, we use as 
output, Y^ , the measured change in verbal skills between grades six and eight. 
The level of verbal skills is represented by the percentile scores of students 

/• S3. 



on standardized examinations of verbal skills. While a measure of the absolute 

level of cognitive skills of children would be desirable, no such testing 
A 

instrument exists. 

(i) ' ttome Inputs • 

The home and family are Important in the production of cognitive skills 
both in the pre-school and the school years|. . The pre-school influence of the 

home is reflected in the level of cognitive skills of the child upon entering 

I ' . 

school, . Pre-school cognitive knowledge is a function of both genetic 

potential and family inputs. The two factors' cannot be isolated. 

The contribution of the home during the school years is here assumed to 

consist of parental time, parental human .capital*, and physical capital or 

material goods. Parental time is proxied by, the number of siblings, S , living 

in the home. More siblings is presumed to' leave less time for the. parents to 

spend teaching any one child. Parental human capital is prox;;Led by the number 

of years of education of the mother, E ,* and the father, . Physical 

m ^ f 

capital, K\ is measured. by an index of the number of items such as books, 
newspapers, etc. found in the. home. 

(ii) School Tnputs 

The school affects the cognitive skills of children by aillocating resources 
to the students. The quantity of purchased inputs received by children is 
proxied by the average annual level of expenditures, X , on children in grades 
seven and eight. 'The quality of purchased inputs received by children is 
proxied by a measure of teacher quality, T . The variable T represents the ' 
proportion of a student's teachers from undergraduate institutions of higher 
education which required high scores on college entrance examinations for admis- 
sion. Since the samples of students and teachers are from California,, these 
schools are primarily the campuses of the '.University of California and Stanford 
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University, 

(iii)' Student Labor 

Lastly ^ the student's own labor input, W , determines his learning. It 
would be desirable to have measures of how much student time within school and 
outside school is spent , actively learning and studying. Unfortunately, such 
data is not available for this sample. Indeed, such data is rarely collected and 
never collected in a form which yould allow estimation of the model posited 
here. Our measure of student labor is an ordinal index of the amount of time ; 
outside the school spent on learning activities. The scale of the input ranges 
from zero to five,^ ' ^ 

The production function to be estimated thus takes the form: 




1^ 

In terms of the above discussion we expect < 0 and all other parameters 
greater than zero. The variables and their, definitions are summarized in 
Table I. 

' Student Supply of Labor 

The student's labor input is endogenous to the model posited here. In 
the typical labor supply model, the number of hours worked is a function of 
the reward received, usually the wage rate. In the student labor supply model, 
the number of hours worked is also a function of the reward'received , but in 
this case the rewards are not necessarily expressed in money terms. 

One of the rewards for the student is higher future income or consutnption; 

this reward is proxied here by the marginal product of labor in the production 

of cognitive skills. Given the Cobb^Douglas production function [Eq, (3)] this 

reward can be expressed as (tto Y-,)/W , ' • 

o 0 o . ^ . 



In addition to receiving a future, monetary reward for additions to, the 
stock of cognitive knowledge, children receive, curr^t , non-monetary rewards 
from parents, and other pupils. The value the peer group places on academic 
achievement has been shown to.be negatively correlated with the socio-economic 
level of the peer group [Wilson (1959)]. Hence, a child with predominantly 
low income peers could expect low peer rewards for .improving achievement. Peer 
rewards are proxied here by the proportion of school peers of low social status, 
Z . 

The family also rewards the child for academic achievement in non-monetary 
ways. The size of those rewards, we postulate, is positively related to the 
educational level of .the parents. Teachers also reward pupil performance, but v 
we have no measures of the types, of rewards—letter grades and verbal ' communi- 
cation — they are likely to give. 

- Differences in peer and parental rewards received for achievement by 
pupils is one reason why children facing similar marginal products of labor may 
choose different bundles of current leisure and future consumption as shown in 
Figure 1. Differences in the parameters in utility functions may also explain 
the phenomenon shown in Figure 1. We cannot distinguish between these two 
explanations. ^While highly educated parents may offer high rewards to children 
for academic achievement, they may also influence the parameters in the child's 
utility function. . ^ 

Uastly, we hypothesize 'that the student supply of labor may be influenced 
by the income and wealth of his family. • Increases in either variable might be 
expected to reduce work effort. As a surrogate for income, - I , we use a dummy 
variable which takes the value 8 if the family was never on welfare and 1 
if not. The surrogate for wealth, R , is a variable which takes the value e 
if the family owns its home and 1 if no.t.; 
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Summarizing, the student labor supply equation is: 



• Y 

o I 8 W 

L °. 



/2 J3 ^^4 /5 J6 ■ . . • 



Rearranging tenns, we have 



1+Y 1+Y 1+Y l+Y l-Hy l+y 

Eq. (5) is the equation estimated in the following section. In terms of the 
above discussion, we expect y^, Y3, Y^. > 0; -{^y y^, Yg < 0 • 

' SAMPLE AND DATA . - . 

The sample consists of 669 pupils who were enrolled in an urban school 
district in California in the mid-1960's. Since only those students with 
available school records from grade one through grade eight were selected, 
the sample is not necessarily representative of the school district as a whole. 

The data on standardized test scores at grades one, six, anJ eight came \ 
from academic records of the pupils. . The data on school inputs was also 
obtained by using academic records to match pupils to specific teachers and 
classrooms. Lastly, the. data on home inputs and student work effort came from 
"questionnaire responses of pupils. . - 

The output measure, change in percentile scores on standardized achievement 
tests, is an imprecise measure of gain in cognitive knowledge. A zero change 
in percentile scores between grades six and eight does not imply the student 
gain'ed no knowledge; rather, it indicates the student gained precisely the same 
amount of absolute knowledge as the sample of students used in standardizing 
the exam. While average output as measured here is negative, real output in 
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TABLE I 

Means and Standard Deviations of Variables 



Variable Keant 



Output 




-15 


.10 


■ 




(42 


67) 


Output • 




-23 


.34 






(27 


.12) 


Output 




-31 


.99 




■ 


(23 


.63) 


Student Labor (W) 




■2 


.84 ■ 






• ( 


.7.3) 


Pre-school Knowledge (Y ) 




55 


.24 


^ P 




(9 


41) 


Number of Siblings (S) 




2. 


35 


<» 




(2. 


06) 


Material Goods (K) 




■ 4. 


68 






(2. 


06) 


Mother's Education (E ) 


• 


11. 


97 


in 




(1. 


89) 


Father's Education (E^) 




11. 


86 






(2. 


02) 


Purchased School Inputs (X)- 




385. 


43 






(33. 


76) 


Teacher Quality (T) . 






58 






.('. 


23) 


Peer Group (z). 






23 






(.' 


•10) 


Income Proxy (I)* 






74 






(.' 


43) 


Wealth Proxy (R)* 






68) 






('. 


47) 



t Standard deviation in parentheses. " 

* Dichotomous variables. The mean represents the proportion of the 
sample not on welfare (-1) and owning their home (R) . 
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terms of absolute knowledge gained is positive. Unfortunately, there is no 
known transformation between absolute knowledge and percentile test scores in 
different grades. 

Because the output measure is impreci'se, we'^test the robustness of our 
findings with respect to the particular output, measure employed. Three alter- 
native output measures are used.^ The means of all output and input variables 

are given in Table I. , 

!, ' ■ 

RESULTS • . 

The model as represented by Eq.'s (3) and (4) has two endogenous variables 
in each equation. Hence, two stage least squares was used to estimate the 
structure of the model., The estimated structure of the production function is 
given in Table II; the estimated structure of the labor supply equation is 
given in Tables III and IV. 

Production Function 
(1) * Home Inputs 

The exponent on pre-school cognitive knowledge,- Y , is positive and 

^ P ' 

statistically significant in all three equations. The exponent on number of 
siblings, S , the proxy for parental time, is negative as expected and 
statistically significant in the first two equations. The estimated exponent 
on material goods, or inputs, , varies in sign and is never statistically 
significant. ^ • ' 

Lastly, the elasticities associated Vith' parental education, E and E , 

m f / 

are always positive but not always statistically significant; furthermore, the 
values vary depending on the particular measure of output. 

(ii)' School Inputs 

The production elasticity of purchased inputs is always large , • positive , 




TABLE II 

Estimated Structure of the Production Functiont 



0 

Variable 


1 


Output 

2 


Y ' 
3 


Pre-school Knowledge (Y ) . 


.63** 
(.22) * 


.89** 
(.20) 


.34** 
(.15) 


Number of Siblings (S) 


-.13** 
(.06) 


-.15** 
(.05) 


-.03** 
( . 04) 


Material Goods (K) 


.02 
.(.06) ' 


-.01 
(.06) 


-.03 
(.05) 


Mother's Education (E ) 

m 


.37 

(.28) 


.82** 
(.25) 


.24 

(.20) 


Father's Education (E^) 


.27 
(.27) 


".47** 
(.24) 


.42** 
(.19) 


Purchased School Inputs (X) 


.93** 
(.46) 


.96** 
(.41) 


.92** 
(.32) 


Teacher Quality (T) 


.19* 
(.11) 


.21** 
(.10) 


.09 
(.08) 


Student Labor (W) 


.24* 
(.13) 


.29** 
(.11) 


.25** 

"(.09) 


Constant 


-9.22 


-12.05 


-8.44 


Standard Error 


.95 


.85 


• .67 


t Standard error in parentheses 


1 

-> 






* . Statistically significant at 


the .10 level, 


two-tail test.' 





** Statistically significant at the .05 level, two-tail test. 
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and statistically significant. For each output .measure , we cannot reject 
the nSi^^hypothesis that the elasticity has the value one, a surprisingly 
strong findiifg'^'sLn light of the weak relationship between expenditures and 
learning usually reported in the literature. For example, in reanalyzing 
the EEO .data, Hanushek. (1972)^ found elasticities ranging from .04 to .22. 

Teacher quality is found to Jbe Consistently positively related to learn- 
ing, although the estimated exponenets are not always statistically signif- 
icant. The measure of teacher quality used here is probably highly correlated 
with teacher verbal score, a variable which other studies [Coleman (1966), 
Hanushek (1972)] have found to be strongly related to student achievement. 

(iii) Student Labor ^ ' ' 

Student labor input always exhibits a statisftically significant, positive 
relationship to gains in cognitive skills. Furthermore, the estimated exponent 

o 

is relatively stable with respect to changes in the measure of learning; the 
point estimates range from .24 to .29. Ceteris paribus ^ a ten percent increase 
in work effort on the part of the child is estimated to^'result iri about a ^ 
2.5% increase in 'learning. *— ~ 

Student Supply of Labor . • ' - . 

» • . ' 

The elasticity of student labor with respect to the marginal product of his 
labor is always positive and statistically significant. The point estimate 
ranges in value from ,25 to \37. ' The parameters associated with, the other 
price variables, E^, E^, arid Z , are not statistically significant in the two- 
stage least squares estimation, although some of those parameters were signifi- 
cant with the expected signs when the equation was estimated using ordinary 
le^st squares. 

The exponents on family^ wealth, R , and income, I , are sometimes 
Statistically significant .at the .10 level. The exponent on wealth*", as proxied- 




" v.. 

. TABLE III 



Estimated Parameters of the Labor Supply Equation [Eq. (5)] 



V C» ^ CL L/ >^ 




yofii -L xcxen ts 




OutDut (Y ) 


(Y ) 22^^* 
(.05) . 


(Y \ 20** 
^ (.04) 


/v 9 7** 

(.19) . 


1 . 

Peer Group (Z) ^ 


-.01 
(.02) 


■ . 01- 
(.02) 


-.001 • 
(.02) 


Mother's Education (E ) 

in. 


.03 
(.09) 


3 

-.05 ■ 
(.10) 


.05 
(.09) 


Father's Education (E^) 


.11 

' (.08). 


.08 

(.08) 


.06 
(.09) 


Income Proxy (I) 


.03 
(.03') 


.02 
(.03) 


.05** 
(.03) 


Wealth Proxy (R) 


-.05** 
(.02) 


-.05* 
. (.03) 


-.02 
(.02) 


Constant 


.57 


.88 


■ .67 


Standard Error 


. 29 ■ • 


.29 


.29 
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• '\ : TABLE IV 

Estimated Structure of the Labor Supply Equation [Eq. (4)] 



Output 



,28 



Variables 



m 



-.01 



.04 



.14 



.04 



w 



-.06 



.25 



,01 



-.06 



,10 



.03 



-.06 



.37 



-.001 



.07 



.08 



.07 



-.03 
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by welfare status, is found to be positive. . ^ 

DISCUSSION s 

We noted earlier that the effect of incraa8ing\ school inputs or home V 
.inputs on student labor supply is theoretically indeterminate . An increase' 
in some input exogenous to the student has a negative "income" effect and a 
positive "substitution" effect. The net. effect can be\either positlv'^ or 
negative. The estimated elasticities given in Tables II and IV enable us to 
predict the sign and size of these net effects . ^ ' 

The effect of an. increase in school inputs, X , on student labor supply 
is (dW/dY) -(dY/dx). which, given Eq.'s (3) and; (4), is equal, to (y^/l+Y^^) • 
(a^W/X) . Since Y-j^ and are both greater than zero, the net effect is 

positive as well.^ Similarly, we finfl an increase in. home inputs "increases 
student work effort. For example, an increase in pre-school cognitive know- 
ledge, Yp , changes work ef fort by the amoung (Y-j^/l+Y^^) (a^W^Y^) , which is 
positive. In general, ah increase in exogenous inputs in the production 
function has the net j effect of ^increasing student* work effort. 

Because an incriease in school inputs results in a positive change in 
labor supply, the esltimated elasticity on X understates the total change ^in 
learning which results from a change in school inputs. 

The total change in learning is : 



8Y dY 8W 
dX 8W dX 



which is equal to 

• / 

■i 



. . ■■ . r . 1. 

— (V +|- , 

X ^ 1 + y, I 
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One of the surprising findings of this study is the statistically \ 
..insignificant relationship between peer group composition and student work 
effort. Although the estimated elasticity was statistically significant in 
the ordinary least squares estimates, its size was very small (approximately 
-.04) • *A possible policy implication is that integration on the basis of 
social class can be expected to have little effect on the work effort,, and 
hence the learning, of students unless other school inputs are simultaneously 
changed. 

CONCLUSIONS 

This paper represents a first effort at explicitly Including student 
labor in the model of learning. While the estimated structures of the produc- 
tion and labor supply equations are theoretically reasonable, several problems 
which remain make policy inferences somewhat questionable. The major problems 
exist in terms of measurement of the endogenous variables. There exist no 
absolute measures of cognitive knowledge or changes in cognitive knowledge . 
Hence, ^we are constrained to use examinations which measure relative knowledge 
and which may change in content over time. 

Student labor is also only roughly measured in this study. It would be 
desireable to have direct observations on student time spent Studying in and 
out of. the classroom instead of relying on students for the information. While 
precise labor data is conceptually possible to collect, the expense involved 
ih making direct observations" may be very large. 

Other possible problems include the assumptions made about the arguments 
in the utility function, especially the assumption that gains in cognitive 
knowledge is a proxy for gains In future* consumption.. Future consumption is 
not solely determined by cognitive skills, and a richer model might explicitly 
take account of the other soeial factors and Individual attributes which 
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determine income. A richer model might also permit students >^rg^adeoff 
current leisure for current consumption. While our assumption that current 
consumption is fixed may be fairly accurate for students in elementary . 
school, it is certainly less true for 'secondary school, especially high school. 

Estimation of a richer model, however awaits the construction of better 
measures of knowledge as well as the collection of better data. The collection 
of better data could begin soon with current studies on the use of time in 
the home. The home plays an important role in the production of knowledge. 
More precise measurement of parental time and stucient time spent in learning 
activities may generate information as to TzM the home affects student 
learning. 

A number of . psychologists [Carroll (i^63) , °Block (1971)] are currently 
investigating, the role of student time in learning in the classroom. Their 
research typically involves direct observation of the use of teacher and 
sfcudent time. As a complement to the studies of use of time in the home, 

econi^mists might become involved in planning and analyzing the experiments 

■ R • ■ / 

being carried out by psychologists . 

This paper should be considered as a preliminary effort at modeling the 

role of student time in learning. We have found a positive, statistically 

significant elasticity of learning with respect to student labor. Furthermore, 

we have found a positive "price" elasticity of supply of st.udent labor; the 

exponent on marginal productivity of labor is positive. Lastly, we conclude 

that increasing those school and home inputs which directly affect learning 

also influence the labor supply decision of the student. The substitution 

effect of increases in such inputs outweight the income effect of such increases 

hence, an increase in some exogenous input results in an increase in student 

labor. An interesting policy question, which cannot be answered here, is what 

1C2 

(> 99 



allocation of resoiirces in the school or allocation of parental time in 
the home would result in the largest student supply of labor. 
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FOOTNOTES 



Recent research by Grlliches and Mason (19^72) and Hause (1972) has found 
the relationship between measures of cognitive skills, and income to be small 
in size. The size of the relationship is larger, however, if one explicitly 
takes into account the effects of test scores in determining years o^ education 
attained by individuals [Ribich and Murphy (1975)]. 
2 

The marginal rate of substitution between current leisure and future 
income is equal to p times the marginal rate of substitution between current 
income and future income, which is usually labeled the individual's rate of 
time preference. Rho in turn is equal to the marginal rate of substitution 
between current income and current leisure. In the usual analysis, p is 
found to be equal to the wage rate. Since Parsons (1974) has estimated the 
wage rate of males to be approximately one dollar ($.99 to $1.25), the marginal 
rate of substitution between current leisure and future income is roughly 
equal to the rate of time preference. 
3 

If capital markets operated perfectly, the observed rate of time, 
preference would be equal for all students. However, capital markets do not 
operate perfectly there is no market mechanism by which elementary school 
pupils can borrow against their future earnings. 
4 

The measure of learning used here is further tainted by the fact that the 
precise skills and knowledge measured by standardized examinations changes over 
the school life of a child. Furthermore, the examinations used in this study 
are all verbal in emphasis. Thus, the results obtained here do not neciessarily 
extend to other types of cognitive knowledge. 
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^The work variable, W , is an ordinal index which can take a maximum 
value of four. Since W = T - L , we arbitrarily set T equal to five and 
subtract an index of leisure which ranges in value from one to five. The 
leisure index is equal to 1.0 plus the sum of dichotomous student responses' 
to the following questions; 

1.. I seldom or never finish my homework. (true « 1, false » 0) 

2. I spend a lot of • time caring for siblings. (true » 1, false = 0) 

3. While attending school, I work for pay ten or more hours per 
week, (true = 1, false =0) 

'4. On the average I spend two or more houra per day watching 
television. (true = 1, false =0) 

6 • ' * ' • 

The scores used in this paper were standardized on the basis of a national 

sample, not the school district or classroom of the pupil. 

'^The three alternative output measures are; 

= grade eight Stnaford Reading Test percentile score minus grade 

six Stanford Reading Test percentile score. 
= grade eight Stanford Reading Test percentile score minus grade 
six California Test of Basic Skills reading percentile score. 
Y^ = grade eight Stanford Language Skills Test percentile score minus 
grade six California Test of Basic Skills language percentils 

score. . 

*/ . 

Also, Yp = grade one California Mental Maturity Test percentile score, 
g 

Preliminary economic research along these lines has been undertaken by 
Garner (1973) arid Christof fersson (1971). - 
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